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Effectiveness and Relay Efficiency of Opportunistic
Multipoint Relaying on Cooperative ARQ

Sau-Hsuan Wu, Hsin-Li Chiu, and Jin-Hao Li

Abstract—This paper studies the effectiveness and relay effi-
ciency of using opportunistic multipoint relaying and distributed
space-time coding (ODSTC) for cooperative Automatic Repeat re-
Quest (ARQ). According to the complexities for diversity explo-
ration in retransmissions, three types of ARQ protocols are studied
herein, allowing us to examine the effectiveness of the protocols and
the efficiencies of using ODSTC relaying for ARQ. The efficiency
is studied from the viewpoint of the signal quality enhancement
per active relay, while the effectiveness is investigated from the
perspectives of diversity and throughput improvements with the
different protocols. The results show that both are closely related
to the link qualities of the forwarding channels. When the link
quality between the source and relays is considerably higher than
the quality between the relays and the destination, a simple pro-
tocol that opportunistically chooses two active relays for ODSTC
(ODSTC2) at the beginning of retransmissions is good enough to
yield a significant throughput improvement. Otherwise, when the
performance is limited by the number of successfully decoding
relays, then having relays of unsuccessful decoding to overhear
the signals sent by active relays plays a crucial role in resolving
the limitation. By having the new successfully decoding relays to
participate in the subsequent retransmissions, both diversity and
throughput can be significantly improved. According to our analy-
sis and simulation studies, an appropriate protocol with ODSTC2
in general can provide effective throughput improvements in two
times retransmissions.

Index Terms—Distributed space-time coding (DSTC), diversity
analysis, opportunistic multipoint relaying (OMPR), relay-assisted
Automatic Repeat reQuest (ARQ).

I. INTRODUCTION

COOPERATIVE communications have emerged as a new
paradigm for wireless communications. A host of coop-

erative schemes have been introduced to enhance the transmis-
sion capacity and/or reliability since the work of [1]–[4], either
through user cooperations or via signal relaying (see [5]–[12]
and the references therein). In view of the cost advantages of
relay stations and the performance enhancement that can be
brought about with signal relaying, cooperative relaying has
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been incorporated in international standards such as the Third-
Generation Partnership Project (3GPP) Long-Term Evolution
Advanced (LTE-A) Release [13].

To exploit the spatial diversity offered by multiple relays, dis-
tributed space-time coding (DSTC) and beamforming schemes
have been widely studied and reported in literatures (see e.g. [7],
[12], and [14], among others), following the notions of decode-
and-forward (DF) or amplify-and-forward (AF) relaying intro-
duced in [2] and [3]. However, to fully exploit the rich diversities
offered by multipoint relaying (MPR), the design and implemen-
tation of DSTC remain to be a challenging task in practice [15]
when considering the changing numbers of relays that can suc-
cessfully decode the data. In view of the complexities of using
DSTC, an opportunistic relaying (OR) scheme is proposed in
[10], where only the relay that possesses the best link quality
to the destination forwards the signal. Though simple, the OR
scheme still enjoys the full diversity offered by the entire set of
relays, and is shown to be optimal when subject to a total power
budget for the entire set of relays. Extending the idea of OR,
DSTC is reexamined in [16] for opportunistic MPR (OMPR),
followed by a more general study on OMPR in orthogonal
channels in [17].

In contrast to the rich diversities offered by cooperative relay-
ing, the multiplexing gain of relaying is typically limited in the
case of half-duplex relaying (HDR) [3]. To cope with this limi-
tation, a dynamic DF relaying scheme is proposed in [5], whose
diversity–multiplexing tradeoff (DMT) is shown to achieve the
DMT upper bound of multiple-input and single-output (MISO)
channels [3] when the multiplexing gain is less than 0.5. If re-
lays have the channel state information prior to transmissions,
Yuksel and Erkip [9] show that the MISO DMT upper bound
can be achieved with the compress-and-forward HDR [4].

More recently, full-duplex relaying (FDR) is also introduced
in [18] to improve the DMT. Alternative to FDR and the afore-
mentioned physical-layer methods, cross-layer approaches such
as Automatic-Repeat-reQuest (ARQ) can be combined with co-
operative relaying to improve the DMT of HDR as well [6],
[19]–[21]. Among them, Stanojev et al.[19] apply DSTC for
relay-assisted ARQ, and show that the effective throughput can
be improved either with a typical ARQ or with a hybrid ARQ
(HARQ) of the type of chase combining. Exploiting the ex-
tra degrees of freedom offered by relay-assisted ARQ, Azarian
et al.[6], [20] demonstrate that both the diversity and the multi-
plexing gains can be enhanced by using incremental redundancy
for HARQ. Besides, motivated by the simplicity of OR, relay
selection schemes are further studied in [22], and the references
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therein, for relay-assisted ARQ to exploit the spatial and tem-
poral diversities with opportunistic AF relaying [10].

The aforementioned results suggest that making use of relays
for signal retransmissions can be a promising technology for
system throughput or coverage enhancement. Continuing with
this idea, relay selection schemes are studied in [23] for ARQ
with DF relaying. Performance of two important relay selection
schemes are carefully examined therein: the reactive scheme
that reselects a relay according to the rule of OR whenever a
retransmission is needed, and the adaptive scheme that does re-
lay reselection only when the channels to or from the current
active relay are too weak to successfully receive a packet from
the source or to deliver a packet to the destination. The results
show that the diversity gain offered by OR is often compro-
mised by the overheads from unnecessary relay reselections in
the reactive scheme when the channel can still support success-
ful relaying. The adaptive scheme avoids this situation by doing
relay reselection only when needed. Even in fast fading chan-
nels, the diversity gain by OR can be offset by the overheads
from frequent relay reselections, leading to no relay reselection
as the best strategy in such channels.

The above results reveal that the effectiveness of relay-
assisted ARQ depends on various system design factors, such
as the number of participating relays, the distributed coding
schemes, the channel conditions, and the complexity for relays
coordination. This motivates us to reinvestigate the MPR-based
ARQs from a system perspective, aiming to study the effec-
tiveness and efficiency of OMPR on throughput enhancement.
To this end, we limit our research scope to the diversity aspect
of OMPR only, and focus on the applications of opportunistic
DSTC (ODSTC) to the selective-repeat ARQ method.

We begin with a quantitative analysis to evaluate the loss of
the signal-to-noise ratio (SNR) gain in capacity outage proba-
bility when using only partial available relays rather than all of
them for ODSTC. The results not only allow us to compare the
performance of the ODSTC-based relaying to that of the regu-
lar DSTC-based relaying, but also help justify the efficiency of
ODSTC relaying against the simple OR scheme. Based on the
results, we further study three types of ARQ protocols, which
require different degrees of coordinations to exploit the spatial
and temporal diversities of using ODSTC in retransmissions.
From complexity low to high, the three protocols, denoted by
Type-A, -B, and -C in the sequel, add one more function of relay
selection, reselection, and overhearing into their ARQ schemes
in order to exploit more degrees of diversities in retransmissions.
Despite the overhearing function of the Type-C protocol, which
requires relays of unsuccessful decoding to continue overhear-
ing signals sent from active relays, the three protocols are in
fact the same for the first round of retransmissions, allowing
us to evaluate the effectiveness of the additional procedures for
diversity enhancement.

In addition to the above comparative studies on relays effi-
ciencies, we also examine the influence of the link qualities of
relay channels on the performance of the three types of proto-
cols. Analysis shows that the effectiveness of these protocols is
highly dependent on the relative rate settings and channel qual-
ities among the source, relays, and the destination. When the
ratio of the link quality between the source and the relays (S-R)

Fig. 1. Source, relays, and the destination, where ρ, αm ρ, and βm ρ represent
the average received SNRs of the S-D, S-R, and R-D radio links, respectively.

to the link quality between the relays and the destination (R-D)
is high enough, the relay channel degenerates, at high SNR,
to a MISO channel with antenna selection. Under this channel
condition, the Type-B protocol can achieve the same diversity
of the Type-C protocol. On the contrary, when the R-D to S-R
link ratio is high enough, then the relay channel resembles a
single-input and multiple-output (SIMO) channel. The destina-
tion in this case can decode the data as long as any one of the
relays is able to do so. As a result, the three types of protocols
perform exactly the same under this channel condition. Other
than these two special operating conditions, the diversities of
the capacity outage probabilities of ARQs are typically limited
by the cardinality D of the set SD of relays that successfully
decode the data. Only the Type-C protocol can resolve this relay
shortage problem and achieve the full diversity of relay-assisted
ARQ by having relays �∈ SD overhear the signals sent by the
active relays ∈ SD , and then rejoin ODSTC relaying once ∈ SD

in the subsequent ARQs.
In addition to diversity analysis, simulation studies also show

that the ratio of the S-R to R-D link qualities has a comparative
impact on the system throughput and protocol effectiveness.
When the ratio is close to or slightly less than one such that the
performance is mainly limited by the available relays in SD ,
then using only two active relays for ODSTC (ODSTC2) in
the Type-C protocol can effectively resolve this relay shortage
problem and offer significant throughput enhancement. On the
contrary, when the ratio becomes considerably large such that
the performance is mainly limited by the R-D link quality, either
the Type-A with ODSTC2 or the Type-B with OR provides a
satisfactory throughput. In spite of the results presented herein,
we note that ODSTC-based ARQ may have a more profound
influence on the system throughput from a cross-layer point
of view. Some results on cross-layer analysis for relay-assisted
ARQ can be found in [24]–[26].

The paper is organized as follows. According to the system
setting in Section II, the capacity outage probability of ODSTC-
based relaying is analyzed in Section III. Based on the results,
three types of ODSTC-based ARQ protocols and their capacity
outage probabilities are studied in Section IV, followed by the
diversity and the relay efficiency analysis on the outage proba-
bilities in Section V. Throughput analysis and simulation results
are presented in Section VI-B to examine the effectiveness of the
increased levels of coordinations and numbers of active relays
for performance enhancement in the three protocols. Conclud-
ing remarks are drawn in Section VII.

II. SYSTEM MODEL

We consider a relay-assisted communications system as il-
lustrated in Fig. 1, where there are M relays to help retransmit
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signals. In the beginning of a packet transmission, the source
broadcasts its signal to the relays and the destination. The set
of relays that successfully decode the signal is referred to as the
decoding set and is denoted by SD . In case of reception failures
at the destination, relays in SD are able to jointly retransmit the
data with DSTC schemes if SD is not an empty set, denoted by
SD �= ∅. Otherwise, the source will rebroadcast the signal until
either SD �= ∅ or the destination is able to successfully decode
the signal. To simplify our theoretical investigations, each of
the source, destination, and relays are assumed to have one an-
tenna, and the performance metrics are studied from the outage
probability point of view. Besides, channels are considered flat
faded and complex Gaussian distributed with zero mean and
unit variance, denoted by ∼ CN(0, 1), and channel coefficients
are assumed available at receivers only, and quasi-static, which
remain unchanged within the duration of a transmission, and
change randomly from one transmission packet to another. In
addition, symbol-level synchronization among the source and
relays are assumed established. (The same synchronization re-
quirement among the base stations for coordinated multipoint
is achieved in the field trial results in [27].) Though simplified,
the above system assumptions are valid for fourth-generation
(4G) systems [13], [15] that use orthogonal frequency-division
multiple access.

According to the above models, let hs,d be the source to
the destination (S-D) channel coefficient and hs,rm

be the S-R
channel coefficient to relay rm . Define Psd and Psrm

as the
received powers on the respective channels. The corresponding
received signals ys,d and ys,rm

can be modeled as

ys,d =
√

Psdhs,d x + nd (1)

ys,rm
=

√
Psrm

hs,rm
x + nm , m = 1, 2, . . . , M (2)

where the noises nd at the destination and nm at relay rm are ∼
CN(0, N0). Based on this signal model, the mutual information
between the source and relay rm is given by

Is,rm
= log

{
1 + Psrm

|hs,rm
|2/N0

}
, m = 1, . . . , M. (3)

Thus, given hs,rm
, the decoding set is more precisely de-

fined as SD � {rm |Is,rm
> Rs,m = 1, . . . ,M}, where Rs is

the source data rate in bits/sec/channel use, denoted by b/s/cu.
Similarly, one can obtain the mutual information Is,d for the

S-D channel and Ir,d for the R-D channels. Denote Prm d as
the received power of relayed signals at the destination and
assume signals retransmitted by relays in SD are coded with
orthogonal DSTC, then Ir,d can be virtually modeled as [2]

Ir,d = log

{

1 +
∑

rm ∈SD

Prm d |hrm ,d |2/N0

}

. (4)

Based on the system model described above, we present in the
next section some capacity outage probabilities to be used in our
analysis. For convenience of expression, we denote [1,M ] as a
set of integers from 1 to M . The received SNRs for the wireless
links of the S-D, S-R, and R-D channels are defined as ρ �
Psd/N0, Psrm

/No � αm ρ, and Prm d/N0 � βm ρ, respectively,
where parameters αm and βm characterize the relative radio
propagation losses along the S-R and R-D links to that of the S-D

link and can be readily obtained from the received signal strength
measurements of the corresponding receivers. Following the
above assumptions, the probability density function (PDF) of
ρ|hs,d |2 is λ exp{−λ|hs,d |2} and is denoted by ∼Exp(λ), with
λ � 1/ρ. Similarly, we also have αm ρ|hs,rm

|2 ∼Exp(λ1,m ) and
βm ρ|hrm ,d |2 ∼Exp(λ2,m ) ∀m ∈ [1,M ], with λ1,m � 1/(αm ρ)
and λ2,m � 1/(βm ρ).

III. CAPACITY OUTAGE PROBABILITIES OF OPPORTUNISTIC

RELAYING WITH ORTHOGONAL DISTRIBUTED

SPACE-TIME CODING

Define W � ρ|hs,d |2 ∼ Exp(λ). Given the source date rate
Rs , the outage probability of Is,d � log(1 + ρ|hs,d |2) < Rs for
the direct S-D channel link, thus, follows:

PW (δs) � Pr{W < δs} = 1 − e−λδs (5)

where δs � 2Rs − 1. Besides, as αm ρ|hs,rm
|2 ∼ Exp(λ1,m ),

the outage probability of Is,rm
< Rs is similarly given by 1 −

e−λδs /αm , leading to the probability of SD given by

Pr{SD} =
M∏

m=1,m∈SD

e
−λδ s
α m

M∏

m ′=1,m ′ �∈SD

(
1 − e

−λδ s
α

m ′
)

. (6)

Further, define Xm � βm ρ|hrm ,d |2 ∼ Exp(λ2,m ), and X �
{Xm |m ∈ SD}, and assume that X is made available to the
destination. According to the rule of OMPR [28], we define that
a maximum of i relays with the i largest Xm ’s in X can be
chosen by the destination to help forward the source signal. The
number of chosen relays is, thus, written as iD � min{i,D},
where D � |SD | stands for the cardinality of SD . Given that
the relays are synchronized in advance, the channels between
the transmitting relays and the destination can be viewed as
a MISO channel. Sorting the elements of X in the ascending
order into X ′ � {X ′

1, . . . , X
′
D} with X ′

k ≥ X ′
j for k > j, then,

conditioned on D = d, the outage probability of Ir,d < Rr of
using orthogonal DSTC for such an OMPR scheme (ODSTCi)
is, thus, given by

POi |D(δr |d) � Pr

⎧
⎨

⎩

d∑

j=max{1,d−i+1}
X ′

j < δr

∣∣∣∣d ≥ 1

⎫
⎬

⎭
(7)

where δr � 2Rr − 1 and Rr is the forwarding data rate. The
derivation of (7) is provided in Appendix A.

Based on the above forwarding rule, the outage probability
after one time retransmission is given by

POi
= P 2

W (δs)Pr{SD = ∅}

+ PW (δs)
M∑

d=1

POi |D(δr |d)Pr{|SD | = d} (8)

where the first term on the right-hand side (RHS) corresponds to
the case of source retransmission when SD = ∅. The results of
(8) for Rs = Rr = 4, M = 4, and i = 2 are shown in Fig. 2(a).
The received SNRs of the S-R and R-D channels are set as
αm ρ and βm ρ, respectively, according to the SNR ρ of the
direct link, with ᾱ � [α1, α2, α3, α4] = [110, 105, 95, 90] and
β̄ � [β1, β2, β3, β4] = [5, 8, 12, 15]. We note that relays in the
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Fig. 2. Outage probabilities with ODSTCi relaying when Rs = Rr = 4 and
M = 4.

same relaying group are considered close to each other such
that αm and βm are also close to each other in ᾱ and β̄.

Also shown in Fig. 2(a) are the results of which all αm and βm

are set to their corresponding maximum and minimum values.
The results, thus, form an upper and a lower bounds of the true
outage probabilities. It is interesting to see that the true outage
probabilities are also close to the ones in which all αm and
βm are set to their respective means. This allows us to proceed
the following analysis with an approximate but much simpler
system setting of αm = α and βm = β ∀m. As such, we have
αm ρ|hs,rm

|2 ∼Exp(λ1) with λ1 = 1/αρ, and βm ρ|hrm ,d |2 =
Xm ∼Exp(λ2) with λ2 = 1/βρ ∀m. Accordingly, (7) can be
evaluated immediately by replacing λ2,m with λ2 in (60) in
Appendix A, leading to

POi |D(δr |d) = 1 −
id −1∑

k=0

e−δr λ2
(δrλ2)k

k!
−

d−id∑

j=1

e
− c̃ j

i d
δr λ2

× ãj

(−b̃j )id

[

1 − eb̃j δr λ2

id −1∑

�=0

(−b̃j δrλ2)�

�!

]

(9)

with ãj (i) � 1
d−j+1

d!
i!

(−1)d −i−j

(j−1)!(d−i−j )! , b̃j (i) � d−i−j+1
i , and

c̃j (i) � d − j + 1.
Similarly, the outage probability of (8) in this case

degenerates to

POi
= P 2

W (δs)PD(0) + PW (δs)
M∑

d=1

POi |D(δr |d)PD(d) (10)

where the probability mass function (PMF) of the cardinality D
of SD is given by

PD(d) = CM
d (e−δs /α )d(1 − e−δs /α )M −d (11)

with CM
d standing for the number of combinations of randomly

choosing d out of M .
For convenience of expression, and to distinguish from the or-

dinary DSTC protocol, we use ODSTCi in the sequel to signify

the use of maximally i active relays for opportunistic DSTC in
retransmissions. For the case of i = 1, the outage probability is
equal to that of the OR in [10], while for ODSTCM , it is equal
to the typical DSTC relaying in [2]. The results of (10) are pro-
vided in Fig. 2(b), and the dashed lines represent the high SNR
approximations. It is clear to see that the outage probabilities of
the cases of i = 1, i = 2, and i = M have the same slope with
some SNR offsets that are marked with green lines in Fig. 2(b).
These SNR offset gains come from the individual power of the
active relays, whose analysis will be given in the next section.

A. Relay Efficiency of Cooperative Relaying via ODSTC

To motivate the subsequent performance analysis throughout
the paper, we would first characterize the asymptotic outage
probability of the ODSTCi scheme that uses maximally i relays
in SD for cooperative relaying. The analysis is carried out at
high SNR for us to quantify the relay efficiency on the SNR gain
per active relay for ODSTCi versus the DSTC (ODSTCM ) that
uses all relays in SD and the OR (ODSTC1) that uses only one
relay in SD for signal forwarding.

To begin with, we first provide the asymptotic functions of
PW (δs), PD(d), and POi |D(δr |d) at high SNR. For PW (δs) of
(5) and PD(d) of (11), it has been shown in [2] that

lim
λ→0

PW (δs)
λ

= δs and lim
λ→0

PD(d)
λM −d

=
CM

d δM −d
s

αM −d
(12)

where ρ � 1/λ. As for POi |D(δr |d), we derive in Appendix B a
property stated below.

Proposition 1: Given δr , β, and id � min{i, d}, it follows
that

lim
λ→0

{
POi |D(δr |d)

λd

}
=

δd
r

id !id−id

d βd
. (13)

Now, we define an asymptotic function of f(λ) as
aλn , denoted by f(λ) .= aλn , if a �= 0, λ 
 1, and
limλ→0{f(λ)/λn} = a for n ≥ 0 [29]. Following this defini-
tion, it is straightforward to show that aλn ± bλm .= aλn , if
m > n ≥ 0, and aλn · bλm .= abλn+m , if m + n ≥ 0. Accord-
ingly, we have PW (δs)

.= δs/ρ and PD(d) .= CM
d (δs/αρ)M −d

when the SNR ρ = 1/λ � 1. Furthermore, by Proposition 1,
we also have

POi |D(δr |d) .=
δd
r λd

id !id−id

d βd
≡ δd

r

id !id−id

d βdρd
. (14)

Applying the results of (12)∼(14) back into (10) yields

POi

.=
δM +1
s

αM ρM +1

[
δs

ρ
+

M∑

d=1

CM
d

id !id−id

d

(
αδr

βδs

)d
]

. (15)

The two terms on the RHS are, respectively, the asymptotic
functions of the two terms on the RHS of (10). If ρ is large

enough such that δs

ρ 

∑M

d=1
C M

d

id !id −i d
d

(αδr

βδs
)d , we have

POi

.=
δM +1
s

αM ρM +1

M∑

d=1

CM
d

id !id−id

d

(
αδr

βδs

)d

� P̃Oi
. (16)
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Fig. 3. SNR losses L(i) of ODSTCi for Rs = Rr = 2 and M = 4.

Following the diversity definition provided in [29], we thus
have the diversity of POi

as

ξ � − lim
ρ→∞

{
log POi

log ρ

}
= M + 1. (17)

Equation (17) implies that every ODSTCi scheme, i = 1, . . . ,
M , achieves the same diversity as expected in Fig. 2(b), while
offers different coding gains. The asymptotic coding gain of
ODSTCi relaying, denoted by Gi , is defined at high SNR as

Gi � lim
ρ→∞

POi

ρ−ξ
=

P̃Oi

ρ−ξ
=

δM +1
s

αM

M∑

d=1

CM
d

id !id−id

d

(
αδr

βδs

)d

.

(18)
Based on (18), the SNR loss of using ODSTCi than using

DSTC can be quantified at high SNR as the extra SNR required
by the ODSTCi to achieve the same outage probability that is
achieved with the DSTC. Namely, given a target outage prob-
ability P ′ such that P ′ = Giρ

−ξ
i = GM ρ−ξ

M , the SNR loss of
ODSTCi is defined in the logarithmic scale as

L(i) � log{ρi} − log{ρM } =
log{Gi} − log{GM }

ξ
. (19)

B. Numerical Studies

The outage probabilities of (10) and their asymptotic func-
tions of (16) for some values of i are shown in Fig. 2(b).
Clearly, the dotted lines of the asymptotic functions match their
corresponding exact curves of (10) at high SNR. Besides, the
advantage of using more relays diminishes rapidly when i in-
creases. The analytical SNR losses L(i) of (19) versus their
simulated counterparts are presented in Fig. 3 for various sets of
{α, β} when M = 4 and Rs = Rr = 2. As shown in the figure,
when the S-R to S-D link ratio α is higher than the R-D to S-D
link ratio β, the SNR losses L(i) are more pronounced when the
number of active relays i decreases. In fact, if α continues to in-
crease such that α � β, then POi

of (15) is eventually dominated

by the event of D = M , which makes POi

.= 1
i!iM −i

δs

ρ
δM

r

βM ρM .
Then, it follows directly from (17) to (19) that

L(i) ∼= 1
M + 1

log
{

M !
i!i(M −i)

}
, if α � β. (20)

This shows that when the relay channel resembles a MISO one
as α � β, L(i) becomes irrelevant of α and β, and decreases
rapidly with respect to (w.r.t.) i as verified in Fig. 3 when α →
∞. In contrast, if β > α, then L(i) becomes very small ∀i ∈
[1,M ]. In fact, if β � α such that POi

is dominated by the

event of D = 1 in (15), then P̃Oi
∼= M

ρM + 1
δM

s

αM −1
δr

β and, hence,
L(i) ∼= 0 by (18) and (19). Under this channel condition, the
destination can decode the signal as long as any one of the
relays can do so. The OR (i = 1) scheme appears to be the best
choice in this type of channels.

IV. CAPACITY OUTAGE PROBABILITIES OF RELAY-ASSISTED

ARQ PROTOCOLS WITH OPPORTUNISTIC MULTIPOINT

RELAYING AND DISTRIBUTED SPACE-TIME CODING

Based on the analysis for ODSTCi relaying, we introduce
three representative methods to apply ODSTCi for relay-
assisted ARQ, and present their outage probability analysis.
Each method requires a different level of coordinations among
the source, relays, and destination to exploit the potential spatial
and temporal diversities in ARQ with ODSTCi relaying.

A. Type-A ARQ Protocol With One-Time Relay Selection

As introduced earlier, when outages occur and SD = ∅, the
destination will request a packet retransmission from the source.
Once SD �= ∅, by ODSTCi, the best iD = min{i,D} relays
∈ SD that maximize (4) will be chosen for retransmission. Then,
the simplest way for the subsequent ARQs of the same packet is
to continue using the same relays for retransmissions. This type
of ARQ method is referred to as the Type-A protocol herein, and
essentially involves two relaying methods: the ODSTCi when
SD just turns nonempty, and an ordinary DSTC that uses the
same iD relays in the subsequent ARQs. The reason is that the
R-D channel coefficients change independently in every packet
transmission, making the opportunistic diversity from channel
ordering no longer available in the subsequent ARQs of the
same packet. In the sequel, for clarity, we denote the DSTC by
DSTCi to indicate the maximum number of active relays for
retransmissions.

The outage probability of ODSTCi has been provided in (9),
and the outage probability of DSTCi can be obtained by setting
d to id in the RHS of (9), yielding

PDi |D(δr |d) = 1 −
id −1∑

j=0

e−δr λ2

j!(δrλ2)−j
. (21)

Based on PW (δs), PD(d), POi |D(δr |d), and PDi |D(δr |d) of
(5), (11), (7), and (21), respectively, we are ready to analyze the
outage probability of the Type-A protocol, which is provided in
the following proposition.

Proposition 2: Given Rs , Rr , M , and i ∈ [1,M ], the outage
probability after n rounds of retransmissions of the Type-A



4786 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 66, NO. 6, JUNE 2017

Fig. 4. Outage events in the Type-A ARQ protocol.

protocol is given by

PA,i(n) = Pn+1
W (δs)Pn

D(0) +
n∑

k=1

M∑

d=1

Pn−k+1
W (δs)Pn−k

D (0)

× PD(d)POi |D(δr |d)Pk−1
Di |D(δr |d) (22)

with PA,i(0) � PW (δs) in (5).
Proof: We use a tree diagram in Fig. 4 to illustrate the outage

events that might occur in the Type-A protocol. For simplicity,
we denote the nth round of retransmissions by ARQn and refer
the initial transmission from the source as ARQ0. The ellipses
marked by OB stand for the outage events in source broadcast-
ing (BC), whose probability is given by PW (δs). Starting from
the upper left of Fig. 4, it shows that if an outage occurs after
the source BC and SD �= ∅, i.e., D �= 0, then the retransmission
that follows immediately after the BC will employ the ODSTCi,
whose outage event is marked by OOi in Fig. 4 with the proba-
bility given by POi |D(δr |d). In case the retransmission still fails,
the same relays will keep retransmitting with DSTCi whose
outage events are marked as ODi , with a probability equal to
PDi |D(δr |d) of (21). The time sequence of these outage events
is shown as a row of ellipses linked by dashed arrows from left
to right.

On the other hand, if SD = ∅ after BC, then the source will
rebroadcast the signal, which might be followed by another
source BC if an outage event still happens and SD = ∅, or
by another sequence of retransmissions the same to what are
described above forSD �= ∅ if outages continue to happen. Since
POi |D(δr |d) and PDi |D(δr |d) condition on D only and not on
any specific relay in SD , it is clear from the tree diagram of
Fig. 4 that the outage probability has a recursive form of

PA,i(n) = PW (δs)
M∑

d=1

PD(d)POi |D(δr |d)Pn−1
Di |D(δr |d)

+ PW (δs)PD(0)PA,i(n − 1). (23)

Expanding this recursive form directly gives (22). �

B. Type-B ARQ Protocol With Relay Reselection

Though simple, the diversity of the Type-A protocol might
be very limited after ARQ2 as the opportunistic diversity is no
longer available due to the fixed relaying thereafter. A quick
modification to resolve this problem is to have the id active
relays be rechosen from SD according to the channel strength
in each round of ARQ. The relay reselection procedure for the
subsequent relay retransmissions is the same to that for the first
one. We refer to this type of ARQ as the Type-B protocol. Due
to this reselection mechanism, we know that PDi |D(δr |d) in (22)
for the Type-A protocol should be replaced by POi |D(δr |d) in
this case. This results in the outage probability below for the
Type-B protocol.

Corollary 1: Given Rs , Rr , M , and i ∈ [1,M ], the outage
probability after n rounds of retransmissions of the Type-B
protocol is given by

PB,i(n) = Pn+1
W (δs)Pn

D(0) +
n∑

k=1

M∑

d=1

Pn−k+1
W (δs)Pn−k

D (0)

× Pk
Oi |D(δr |d)PD(d) (24)

with PB,i(0) � PW (δs).
In contrast to the Type-A protocol, the Type-B requires all

relays in SD to keep the decoded packet data for future res-
elections and retransmissions until the destination succeeds in
decoding. However, checking (24), one may soon find that the
diversity order might still be limited by the event of D = 1 if
POi |D(δr |1) dominates the other POi |D(δr |d)∀d > 1. This sit-
uation may happen when the link quality between the source
and relays is poor, and would make the Type-B protocol rather
ineffective, taking into account the extra efforts to reselect the
relays in each retransmission. A quick remedy to this diversity
shortage problem is to allow overhearing on the relays �∈ SD .

C. Type-C ARQ Protocol With Relay Overhearing

We refer to this type of ARQ as the Type-C protocol, and have
relays �∈ SD continue to overhear the signals sent by the chosen
relays and update their statuses to the destination to allow being
selected in the subsequent retransmissions. To begin with, we
first characterize the outage probability for relays that overhear
the DSTC signals sent by the chosen relays. The signals xm

sent from relay rm and received at relay r� , for rm ∈ SD and
r� �∈ SD , are modeled as [7]

yrm ,r�
=
√

Prrhrm ,r�
xm + n� (25)

where hrm ,r�
represent the channel coefficients between the

relays rm and r� . For convenience of exposition, channels
between any transmit-and-receive pairs of the relays (rm , r�)
are assumed to have the same received SNR, Prr/N0 � ηρ,
but individual channel coefficients ηρ|hrm ,r�

|2 ∼ Exp(λ3) with
λ3 � 1/(ηρ). Since the channels between different pairs of
(rm , r�) fade independently, the channels from the relays, rm ,
which are particularly chosen from SD to yield the highest
mutual information at the destination, do not provide the over-
hearing relays r� , the same opportunistic diversity from channel
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ordering. Therefore, the outage probability of overhearing has
the ordinary form of MISO channel given in (21). Define
Vm,� � ηρ|hrm ,r�

|2 ∼ Exp(λ3) andVi �
∑id

m=1 Vm,� . The out-
age probability for a relay � to overhear the DSTC signal send
by id active relays in SD is, thus, given by

PVi |D(δr |d) � Pr

{
Vi < δr

∣∣∣∣ d ≥ 1

}
= 1 −

id −1∑

j=0

e−δr λ3

j!(δrλ3)−j
.

(26)
Based on this result, we shall reformulate the PMF of SD for
|SD | to continue increasing with retransmissions in the Type-C
protocol. First, we define some RVs below.

Definition 1: Let D0 ∈ [0,M ] be the number of relays that
decode the signal from the source.

Definition 2: Let Dn ∈ [0,M ] be the number of increasing
relays in the nth retransmission after D0 ≥ 1.

Definition 3: Let Dn =
∑n

�=0 D� and Dn ∈ [1,M ] be the
total number of relays that are able to decode the signal up to
the nth retransmission after D0 ≥ 1.

According to these definitions, it follows directly from (11)
that PD0(d0) = CM

d0
e−λ1δs d0(1 − e−λ1δs )M −d0 . Besides, as the

source stops sending signal once D0 ≥ 1. By (26), we have the
PMF of Dn conditioned on Dn−1 given by

PDn |Dn −1
(dn |dn−1) = C

M −dn −1
dn

[1 − PVi |D (δr |dn−1)]
dn

× [PVi |D (δr |dn−1)]
M −dn , n = 1, 2, . . .

(27)

where dn �
∑n

�=0 d� . Given the conditional PMF of Dn , the
capacity outage probability of the Type-C protocol can thus be
provided in the following proposition.

Proposition 3: Given Rs , Rr , M , and i ∈ [1,M ], the ca-
pacity outage probability after n rounds of retransmissions of
the Type-C protocol is given by (28), shown below, where
dk �

∑k
q=0 dq , PC,i(0) � PW (δs), and PC,i(1) � POi

:

PC,i(n) = Pn+1
W (δs)Pn

D0
(0) +

n∑

k=1

Pn−k+1
W (δs)Pn−k

D0
(0)

×
M∑

d0=1

M −d0∑

d1=0

· · ·
M −dk −2∑

dk −1=0

POi |D(δr |d0)PD0(d0)

×
k−1∏

�=1

POi |D(δr |d�)PD� |D�−1
(d� |d�−1). (28)

Proof: The proof follows a similar approach used in proving
Proposition 2. Again, the outage events that may occur in the
Type-C protocol are illustrated as a tree diagram in Fig. 5 . If D0

turns nonzero at the (n − k)th retransmission, and an outage still
happens, then ODSTCi will start to be used for retransmission
by opportunistically choosing min{i,D0} relays out of SD that
maximize (4) at the end of the (n − k)th retransmission. It is
noted that SD will continue to grow due to the overhearing
mechanism.

If outage events still continue to happen, then ODSTCi will
continue to be used for retransmissions as well, by re-choosing

Fig. 5. Outage events in the Type-C ARQ protocol.

min{i,Dp} relays from SD at the end of the (n − k + p)th re-
transmission. The time sequence of these outage events is shown
as a row of ellipses linked by dashed or dotted arrows from left to
right in Fig. 5. The arrows of different types represent different
numbers of retransmissions after D0 ≥ 1, thus corresponding to
different cardinalities, Dp , of SD . Since POi |D(δ|d) conditions
on |SD | only, from Fig. 5, the capacity outage probability of the
Type-C protocol has a recursive form

PC,i(n) = PW (δs)PD0(0)PC,i(n − 1)

+ PW (δs)
M∑

d0=1

· · ·
M −dn −2∑

dn −1=0

POi |D(δ|d0)PD0(d0)

×
n−1∏

�=1

POi |D(δ|d�)PD� |D�−1
(d� |d�−1). (29)

Expanding this recursive form directly gives (28). �

V. ASYMPTOTIC OUTAGE PROBABILITY AND RELAY

EFFICIENCIES IN THE THREE ARQ PROTOCOLS

To study the diversities of the different ARQ protocols and
their relay efficiencies in the SNR gains per active relays i for
ODSTCi, we first characterize the asymptotic properties of their
capacity outage probabilities under different code rates in δs and
δr , and channel conditions parameterized by α, β, and η. The
results are then used in the analysis of relay efficiencies.

A. Asymptotic Outage Probability of the Type-A Protocol

To analyze the asymptotic function of (22) of the Type-A
protocol, it is also necessary to obtain the asymptotic function
of PDi |D(δ|d) at high SNR. By Proposition 1, the asymptotic
function of PDi |D(δ|d) of (21) can be readily obtained by setting
d = id in (14), which gives

PDi |D(δr |d) .=
δid
r

id !βid ρid
� pid

rd

id !
(30)
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where prd � δr

βρ < 1. Together with (12) and (14), the asymp-
totic function of (22) can be written as

PA,i(n) .= psdΛn
α,ρ +

n∑

k=1

M∑

d=1

Ωd,kΛn−k+1
α,ρ

(
prd

psr

)d

p
id (k−1)
rd

(31)

where Ωd,k � C M
d

i
(d −i d )
d (id !)k

and Λα,ρ � psdp
M
sr with psd � δs

ρ <

1 and psr � δs

αρ < 1.
We may regard psd , psr , and prd as the respective probabili-

ties of the S-D, S-R, and R-D links failures. It is, however, not
straightforward to analyze PA,i(n) under the different operat-
ing conditions and geometric relationships among the source,
relays, and the destination. We summarize our analysis in the
next proposition with details relegated in Appendix D.

Proposition 4: Suppose psr < psd < 1 and prd < psd < 1,
namely both α and β > 1, the asymptotic function of PA,i(n)
of the Type-A protocol with ODSTCi relaying is given by

1) For 2 ≤ i ≤ M , we have

PA,i(n) ∼=
⎧
⎪⎪⎨

⎪⎪⎩

pn+1
sd pnM

sr , psr > p̄rd

psdp
M
sr p

i(n−1)
rd

∑M
d=i Ωd,n

(
pr d

ps r

)d

, prd ≥ p̄sr

Mpsdp
M −1
sr pn

rd , otherwise

(32)

where p̄rd � max{prd , pA 2} and p̄sr � max{p
1
n
sr , pA 1}

with pA 1 = [
∑M

d=i
Ωd , n

M ( α
δs

δr

β )d−1]
−1

(n −1) ( i−1) and pA 2 =

[ 1
M ( δs

δr
β)n ]

−1
M (n −1)+ 1 .

2) For i = 1, however, we have

PA,1(n) ∼=
⎧
⎨

⎩

pn+1
sd pnM

sr , psr > p̃rd

psdp
M
sr pn−1

rd

∑M
d=1 Ωd,n

(
pr d

ps r

)d

, otherwise
(33)

with p̃rd = max{prd , pA 3}, pA 3�[ 1
Δα , β

( δs

δr
β)n ]

−1
M (n −1)+ 1 ,

and pA 3 ≥ pA 2 since Δα,β �
∑M

d=1 CM
d ( α

δs

δr

β )d−1 ≥ M .
The results show that the diversity of the Type-A protocol is

ξA = M + n by the definition of (17) when ρ → ∞. For finite
SNR, however, the decreasing rate of the asymptotic function
w.r.t. ρ may vary under the different settings of δs and δr , and
the link qualities α and β on the S-R and R-D channels. When
psr ≤ pn

rd , which means the probability of the S-R link failure
is much less than the probability of the R-D link failure, more
active relays, namely, a larger value of i, for ODSTCi results in a
higher decreasing rate, which is proportional to ( 1

ρ )M +1+i(n−1) ,

on the asymptotic function when ρ ≤ δr

β p−1
A 1

, i.e., prd ≥ pA 1 , as

well. Nevertheless, one can also see from (31) that pi(k−1)
rd for the

events of d ≥ i and, hence, id = i, drops far more quickly than
p

d(k−1)
rd for the events of d < i and id = d as prd decreases, i.e.,

ρ increases. Eventually, when prd < pA 1 , i.e., ρ > δr

β p−1
A 1

, the
second term of (31) becomes dominated by the event of d = 1 =
id , resulting in a diversity order of M + n at high SNR. Namely,
the dominant order of 1

ρ converges from M + 1 + i(n − 1) to

M + n when ρ > δr

β p−1
A 1

. This diversity loss phenomenon can
be delayed to occur at a higher SNR with a larger value of α

δs
as

suggested in the form of pA 1 in (32). If we have α
δs

→ ∞, then
the chance for D < M will become zero, leading to an M × 1
virtual MISO channel with antenna selection. The diversity will
remain at M + 1 + i(n − 1) in this case when ρ → ∞.

On the other hand, when psr > prd , the probability of the
S-R link failure becomes greater than the probability of the R-D
link failure. The relays become less successfully decoding their
received packets than the destination decoding their forwarded
packets. In case all relays and the destination fail to decode a
packet, the source will retransmit the packet by itself. The prob-
ability of this event is asymptotically equal to Λα,ρ � psdp

M
sr in

(31). The resultant outage probability due to this kind of events
is lumped in the first term on the RHS of (31), which, how-
ever, drops far more quickly than the second term of (31) as
ρ increases. Eventually, when ρ > δs

α p−1
A 2

, i.e., psr < pA 2 , (31)
becomes dominated by the event of D = 1 in the second term,
and changes from the order of 1

ρn (M + 1)+ n to the order of 1
ρM + n

as it shows in (32). Similarly, this diversity loss phenomenon
can be delayed to occur at a higher SNR with a larger value of
β
δr

as suggested in the form of pA 2 in (32). If we have β
δr

→ ∞,
then the destination can decode the relayed packet when any
of the relays can decode and forward it. This corresponds to a
1 × (M + 1) virtual SIMO channel with individual decoder on
each channel output. The diversity will remain at n(M + 1) + 1
in this case when ρ → ∞.

For the case of i = 1, the arguments for psr ≤ pn
rd no longer

apply since the diversity is always equal to M + n. While for
psr > prd , similar arguments apply for ρ ≤ δs

α p−1
A 3

≤ δs

α p−1
A 2

.

B. Asymptotic Outage Probability of the Type-B Protocol

For the asymptotic function of the outage probability (24) of
the Type-B protocol, it follows by (12) and (14) that

PB,i(n) .= psdΛn
α,ρ +

n∑

k=1

M∑

d=1

Φd,kΛn−k+1
α,ρ

(
prd

psr

)d

p
d(k−1)
rd

(34)

where Φd,k � C M
d

[id !i(d −i d )
d ]k

. Following a procedure similar to the

proof of Proposition 4 in Appendix D, (34) can also be simplified
in different system operating conditions as follows.

Corollary 2: Suppose psr < psd < 1 and prd < psd < 1,
namely both α and β > 1, the asymptotic function of PB,i(n)
of the Type-B protocol with ODSTCi relaying is given by

PB,i(n) ∼=

⎧
⎪⎨

⎪⎩

pn+1
sd pM n

sr , psr > p̄rd

ΦM,npsdp
M n
rd , prd ≥ p̂sr

Mpsdp
M −1
sr pn

rd , otherwise

(35)

where p̄rd � max{prd , pA 2}, and p̂sr � max{p
1
n
sr , pB1} ≥ p̄sr

with pB1 = [ΦM , n

M ( α
δs

δr

β )M −1]
−1

(n −1) (M −1) > pA 1 .
The proof for this corollary is omitted as it routinely follows

the same procedure in Appendix D for the Type-A protocol.
And the diversity of the Type-B protocol is also ξB = M + n
as shown in (35), attributed to the event ofD = 1. The difference
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between (35) and (32) of the Type-A protocol lies only in the
case of psr ≤ pn

rd . When prd ≥ pB1 as well, i.e., ρ ≤ δr

β p−1
B1

, the

asymptotic function of PB,i(n) is proportional to 1
ρM n + 1 due to

the reselection function in every ARQ when D ≥ 1.

C. Asymptotic Outage Probability of the Type-C Protocol

Even though the form of PC,i(n) in (28) is a bit more com-
plicated than those of PA,i(n) and PB,i(n), its diversity can be
analyzed in a way similar to that for the Type-A and B protocols
except that it requires the additional high-SNR approximations
of POi |D(δr |d�) and PD� |D�−1

(d� |d�−1). By Proposition 1, it fol-
lows that

POi |D(δr |d�)
.=

δ
d�
r

i
(d� −i� + 1)
(�+1) i(�+1) !(βρ)d�

(36)

with i� � min{i, d�−1}. As for PD� |D�−1
(d� |d�−1) of (27), it

requires the high-SNR approximation of PV|D(δr |d) in (26) for
relay’s overhearing, which, by (30), follows as

PV|D(δr |i�) .=
δi�
r

d!(ηρ)i�
. (37)

This expression clearly shows that there is no opportunistic
diversity being provided to a relay that decodes the DSTC signal
sent from other relays. Applying (37) into (27) yields

PD� |D�−1
(d� |d�−1)

.= C
M −d�−1
d�

[
δi�
r

i� !(ηρ)i�

]M −d�

. (38)

Substitute the results back into (28) and define prr � δr

ηρ < 1.
The asymptotic function of PC,i(n) at high SNR is given by

PC,i(n) .= psdΛn
α,ρ +

n∑

k=1

M∑

d0=1

M −d0∑

d1=0

· · ·
M −dk −2∑

dk −1=0

× Ψi,kΛn−k+1
α,ρ

(
prd

psr

)d0 k−1∏

�=1

p
d�

rdp
i� (M −d� )
rr (39)

where Ψi,k � C M
d 0

i
(d 0−i 1)
1 i1!

∏k−1
�=1

C
M −d �−1
d �

i
(d � −i � + 1)

( � + 1) i( � + 1) !(i� !)M −d �
.

Clearly, the second term on the RHS of (39) is dominated at
high SNR by the feasible pairs of (d�, i�), � = 1, . . . , k − 1,
k ≥ 2, that minimize

∑k−1
�=1 [d� + i�(M − d�)]. Since i� ≥ 1

and d� ≤ M , we have d� + i�(M − d�) ≥ M . The equality
holds if i = 1. For i ≥ 2, we define the set of the increasing
number of relays that satisfies the lower bound in k rounds of
retransmissions as

Uk−1 �

⎧
⎪⎨

⎪⎩
(d0, . . . , dk−1)

∣∣∣∣∣
∣∣

d� + i�(M − d�) = M

d� ∈ [0,M − d�−1]

and ∀� ∈ [1, k − 1]

⎫
⎪⎬

⎪⎭
(40)

for k ≥ 2, d0 ≡ d0 ≥ 1, and i ≥ 2. The algorithm to construct
Uk−1 is provided in the following proposition.

Proposition 5: Assume d0 ≡ d0 ≥ 1 and i ≥ 2.
1) Let U0 � {d0|d0 ∈ [1,M ]}.
2) For � = 1 to k − 1, k ≥ 2.

TABLE I
ORDERS OF ρ−1 OF THE ASYMPTOTIC OUTAGE PROBABILITIES OF THE THREE

ARQ PROTOCOLS IN DIFFERENT OPERATING CONDITIONS

Typical channels pr d > p̂s r ps r > p̂r d

ξA M + n 1 + M + i(n − 1) n(M + 1) + 1
ξB M + n 1 + M n n(M + 1) + 1
ξC 1 + M n 1 + M n n(M + 1) + 1

GenerateUa
� � {(d�, . . . , d0)|d� ∈ [0,M − 2], d0 = 1 and d1

= · · · = d�−1 = 0 if � ≥ 2} and U b
� � {(d�, . . . , d0)|d� =

M − d�−1, (d�−1, . . . , d0) ∈ U�−1}, and set U� � Ua
� ∪ U b

� .
Proof: The proof is provided in Appendix E. �
Given Uk−1 and, thus, i�(M − d�) = M − d� ∀� ∈ [1,

k − 1], the second term on the RHS of (39) can be obtained
as

n∑

k=1

∑

Uk −1

Ψi,kΛn−k+1
α,ρ

(
prd

psr

)d0 k−1∏

�=1

p
d�

rdp
M −d�
rr . (41)

Since the order of ρ in (41) equals to (M + 1)(n − k + 1) +
(k − 1)M which decreases when k increases, keeping only the
dominant term that corresponds to k = n, we obtain

PC,i(n) .= psdΛn
α,ρ +

∑

Un −1

Ψi,nΛα,ρ

(
prd

psr

)d0 n−1∏

�=1

p
d�

rdp
M −d�
rr .

(42)
The diversity order of (42) is equal to ξC = Mn + 1 as ρ →

∞. For finite SNR, however, if the first term on the RHS of
(42) is greater than the second term, namely when psr > pC ,
or equivalently ρ < δs

α p−1
C , with pC being the value of psr that

makes the first term equal to the second term on the RHS of
(42), then the outage events become mainly attributed to the
transmission failures between the source and relays. The Type-
C protocol will perform exactly the same as the Type-A and -B
protocols in this case, i.e., PC,i(n) .= pn+1

sd pM n
sr for psr > pC .

Under this circumstance, there will be no need for the Type-C
protocol at all. Therefore, if we define p̂rd � max{pC , p̃rd},
and abuse the diversity notation ξ to represent the dominant
orders of ρ−1 of the asymptotic function in finite SNR regimes,
then by (32), (33), (35), and the aforementioned results, we may
summarize ξ of the three ARQ protocols in different operating
conditions as in Table I.

D. Relay Efficiencies of ODSTCi in the Three ARQ Protocols

Based on the above asymptotic analysis, we continue to study
the relay efficiencies of ODSTCi in the three ARQ protocols.
Due to the complexity of analysis, closed-form expressions are
obtained for the Type-A and B protocols only.

Recall from (32) and (33) that in typical operating conditions,
i.e., when psr < p̄rd or prd < p̄sr , the diversity of PA,i(n) is
ξA = M + n. We may, thus, define a coding gain

GA (i, n) � lim
ρ→∞

PA,i(n)
ρ−(M +n)

.=

⎧
⎨

⎩

Δα , β δM
s δn

r

α (M −1) βn , i = 1
M δM

s δn
r

α (M −1) βn , i �= 1
(43)
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to quantify the SNR gain per active relays for ODSTCi in this
type of ARQ. The results, however, are negative except for the
case of i ≤ 2 . The SNR gain GA (i, n) − GA (i − 1, n) is zero
when 3 ≤ i ≤ M . On the other hand, we may also follow a
definition similar to (19) in Section III-A to quantify the SNR
losses of using ODSTCi than using DSTC, which leads to

LA (1, n) =
1

M + n
log

{
GA (1, n)
GA (M,n)

}
=

1
M + n

log
{

Δα,β

M

}

(44)
and LA (i, n) = 0, for i �= 1. A similar result of LB (i, n) = 0
holds for the Type-B protocol ∀i ∈ {1,M} as shown in (35).
However, if we extend the definition of coding gain to the
asymptotic outage probabilities, then, by (35), we can have

GB (i, n) � ΦM , n ps d pM n
r d

ρ−(M n + 1) = δs δM n
r

βM n (i!iM −i )n when prd ≥ p̂sr , i.e.,

ρ ≤ δr

β p̂−1
sr . Consequently, by the definition of (19), we obtain

LB (i, n) =

{
n

1+nM log
{

M !
i!iM −i

}
, prd ≥ p̂sr

0, otherwise.
(45)

This shows that when the performance is mainly limited by the
R-D link quality, then using more active relays for ODSTCi does
introduce an SNR gain, even though it also decreases rapidly
with i. Otherwise, there is no need to use for more than one
relay for the Type-B protocol. In such kind of channels, the
Type-B protocol, in fact, performs exactly the same as the Type-
A protocol at high SNR when i ≥ 2 since LA (i, n) = 0 ∀i ≥ 2,
and PA,M (n) = PB,M (n). Only the Type-C protocol can attain
the full diversity in such channels, whose SNR gain GC (i, n) −
GC (i − 1, n) andLC (i, n) can be evaluated numerically by (42)
and the definition of (19).

VI. THROUGHPUT ANALYSIS AND PROTOCOL EFFECTIVENESS

The previous analysis allows us to quantify the diversity en-
hancement for every retransmission and the relay efficiencies, in
terms of the SNR gain per active relay for ODSTCi, in the three
protocols. In practice, we would also like to know the advan-
tages of the different schemes in different channel conditions,
after all the Type-C protocol has a higher complexity than the
other two. We investigate the effectiveness of the increased lev-
els of complexities for relays overhearing and reselection from
the system deployment and throughput points of view. We start
with the throughput analysis.

A. Throughput Analysis

Define P T ,i(ns, nr ) as the probability of successful packet
deliveries after ns rounds of retransmissions with source broad-
casting followed by nr rounds of retransmissions with ODSTCi
relaying in the type T ∈ {A,B,C} protocol. The average
throughput in a total of n rounds of retransmissions can be
formulated as

ζT ,i(n) �
n∑

ns =0

n−ns∑

nr =0

Rs · P T ,i(ns, nr )
1 + ns + nrRr/Rs

(46)

where the probabilities P T ,i(ns, nr ) of the three types of ARQ
protocols are provided in the following proposition.

Proposition 6: Given Rs , Rr , M, and (ns, nr ), the probabil-
ities P T ,i(ns, nr ) for T ∈ {A,B,C} are given by

1) If nr = 0, then

P T ,i(ns, 0) = [PW (δs)PD(0)]ns [1 − PW (δs)]. (47)

2) If nr = 1, then

P T ,i(ns, 1) = Pns +1
W (δs)Pns

D (0)
M∑

d=1

PD(d)

× [1 − POi |D(δr |d)]. (48)

3) For nr ≥ 2, we have

PA,i(ns, nr ) � Pns +1
W (δs)Pns

D (0)
M∑

d=1

PD(d)POi |D

× (δr |d)Pnr −2
Di |D (δr |d)[1 − PDi |D(δr |d)]

(49)

PB,i(ns, nr ) � Pns +1
W (δs)Pns

D (0)
M∑

d=1

PD(d)

× Pnr −1
Oi |D (δr |d)[1 − POi |D(δr |d)] (50)

and

PC,i(ns, nr ) � Pns +1
W (δs)Pns

D0
(0)

M∑

d0=1

M −d0∑

d1=0

· · ·
M −dn r −2∑

dn r −1=0

×
{

nr −2∏

�=1

POi |D(δr |d�)PD� |D�−1
(d� |d�−1)

}

× PD0(d0)POi |D(δr |d0)PDn r −1|Dn r −2

× (dnr −1|dnr −2)[1 − POi |D(δr |dnr −1)]. (51)

Proof: The proof can be readily obtained by following the
proofs of the outage probabilities of PT ,i(n), T ∈ {A,B,C},
in Section IV. Thus, only a sketch of the proof is provided.

If nr = 0, (47) represents the probability that SD remains
empty and the destination successfully decodes the packet at the
ns th rebroadcasting from the source. If nr ≥ 1, it implies that
the packet is delivered by the relays. Take the Type-A protocol
as an example. The second term on the RHS of (22) represents
the probability thatSD turns nonempty at the (n − k)th rebroad-
casting and that the packet still cannot be successfully delivered
after the following k rounds of relay forwarding. Equations (48)
and (49) can be obtained by replacing the last product term
by 1 − POi |D(δr |d) and 1 − PDi |D(δr |d), respectively. For the
Type-B and Type-C protocols, (50) and (51) can also be obtained
by following the same approach. �

B. Numerical Study on the Effectiveness of Different Protocols

Based on our analysis, we examine by simulations the effec-
tiveness and relay efficiencies of the three protocols in different
channel conditions. Fig. 6 shows the results of PA,i(2), PA,i(3)
of (22), and PC,i(3) of (28), and their asymptotic functions
(dotted lines) in (32), (33), and (39) when M = 4, α = 32,
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Fig. 6. Outage probabilities and their asymptotic functions of the Type-A and
-C protocols when M = 4, α = 32, β = 2, η = 128, and Rs = Rr = 4.

Fig. 7. Outage probabilities of the Type-A, -B, and -C protocols.

β = 2, η = 128, and Rs = Rr = 4 (b/s/cu). To verify the re-
lay efficiency of ODSTCi for the Type-A protocol, we consider
two cases for i = 1 and 2, and compare the results with the
ordinary DSTC that uses all available relays in SD . Clearly,
the asymptotic functions match the outage probabilities at high
SNR. Besides, consistent with LA (i, n) of (44), the simulated
results also show that the SNR losses for using ODSTCi than
DSTC for the Type-A protocol are zero at high SNR for i ≥ 2.

Compared to the Type-A protocol, the Type-C has consider-
able advantage in this case given that its diversity order achieves
1 + Mn while the diversity orders of the Type-A and B are both
M + n according to Table I Besides, the SNR gain is zero for
the Type-A protocol when i ≥ 3, while we may use ODSTC3 to
obtain an additional SNR gain for the Type-C since its SNR loss
LC (2, 3) is still around 1 dB. Given that its outage probability
is no longer limited by the event of D0 = 1, using more relays,
thus, offers some power gains.

In a more radical case, we consider α = 500, β = 2, and
η = 103, for simulations in Fig. 7. For a power path loss propor-
tional to the cube of the propagation distance, this setting can be
associated with a scenario where the R-D distance is 6.3 times
longer than the S-R distance, and 7.9 times longer than the R-R
distance. For δs = δr = 15, n = 3, and M = 4, by (32), we have

Fig. 8. Network view on the different operating conditions in Table I.

prd = δr

βρ = 15
2ρ > pA 1 = 2.82 × 10−3 if ρ < ρA,1 � 34.25 dB.

If prd = 15
2ρ ≥ p

1
3
sr = ( 15

500ρ )
1
3 as well, i.e., ρ ≤20.74 dB, then

prd ≥ p̄sr . According to (32) and Table I, ξA of the Type-A pro-
tocol is M + 1 + i(n − 1) = 9, even though it will eventually
converge to M + n = 7 when ρ ≥ ρA,1.

In comparison, PB,2(3) of the Type-B protocol follows the
trend of PC,2(3) of the Type-C protocol, whose diversity order
is ξC = Mn + 1 = 13, when ρ < ρB,1 � 15.22 dB such that
prd > pB1 and, hence, prd ≥ p̂sr by (35). While PB,2(3) diverts
away from PC,2(3) when ρ > ρB,1 and converges to PA,2(3) of
the Type-A when ρ > ρA,1, it ends up with a diversity order of
ξB = M + n = 7. It is noted that LA (i, n) = LB (i, n) = 0 for
i ≥ 2, and PA,M (n) = PB,M (n).

In Fig. 8, we study from a system deployment viewpoint the
effectiveness of the reselection and the overhearing functions in
the Type-B and -C protocols. To this end, we fix the S-R SNR
αρ at 15 dB and examine the diversities of the three protocols
for n = 2 at different locations in the coverage range of the
network defined as ρ ≥0 dB, i.e., the black curve in the plot.
Other simulation settings are the same to those in Fig. 7.

When the destination is inside the green circle, we have psr >
p̄rd such that the three protocols have the same diversity of
n(M + 1) + 1. Thus, there is no need for the Type-B and -C.
While if the destination is outside the red circle, we have prd >
p̂sr . By (35), the Type-B reaches the full diversity such that the
overhearing function of the Type-C is unnecessary. As for the
Type-A protocol, it has the diversity of M + 1 + i(n − 1) when
prd > p̄sr , namely, the destination is outside the blue circle. The
Type-C is more effective in diversity only in the typical operating
range between the green and the blue circles.

As for the effectiveness of the two functions in throughput
enhancement, the simulations for M = 5, β = 2, η = 64, and
n = 2 are presented in Fig. 9. The data rates Rs and Rr are
adjusted w.r.t. the SNR to maximize the throughput ζT ,i(2) of
(46) subject to PT ,i(2) ≤ 10−3, T ∈ {A,B,C}. Intuitively, the
Type-C protocol will offer the best throughput since its over-
hearing function can resolve the relay shortage issue in SD and
achieve the highest diversity, especially when the S-R link qual-
ity is slightly worse or comparable to the R-D link quality as in
the case of α = 2 in Fig. 9. Under this operating condition,
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Fig. 9. Throughput of the three protocols when PT , i (2) ≤ 10−3.

we can see that ζB ,M (2) of the Type-B protocol is about
0.3 (b/s/cu) inferior to ζC,2(2) of the Type-C.

On the contrary, when the S-R link quality becomes sig-
nificantly better as in the case of α = 8 in Fig. 9, ζB ,1(2) of
the Type-B protocol with OR or ζA,2(2) of the Type-A with
ODSTC2 are very close and provide satisfactory throughput
in comparison with ζC,2(2) of the Type-C. These observations
agree with our diversity analysis in (44) and (45), and the simula-
tions in Fig. 8, and together provide us an insight into the choice
of a proper ARQ protocol in different operation conditions. In
summary, when the R-D link quality is comparable to that of
the S-R link, the Type-C protocol with ODSTC2 can provide a
significant performance enhancement. However, when the R-D
link becomes notably worse, either the Type-B that reselects a
single relay for OR in each retransmission, or the Type-A that
needs no reselection but rather synchronization among relays
to use ODSTC2 for ARQ is a good performance tradeoff for
practical implementations.

VII. CONCLUSION

We studied the relay efficiencies and protocol effectiveness of
using ODSTCi for relay-assisted ARQ. Three types of protocols
were introduced in this regard, allowing us to examine the ef-
fectiveness of the increased levels of complexities for diversity
enhancement in the three protocols. Starting with the analysis
for the capacity outage probability of using ODSTCi relaying
in Rayleigh fading channels, we gradually derived the outage
probabilities of the three protocols and successfully character-
ized their relay efficiencies in using ODSTCi.

Through our analysis and simulation studies, we also found
that the effectiveness and relay efficiencies of the three pro-
tocols are closely related to the relative data rate settings and
channel qualities on the S-R and R-D links. In certain operat-
ing conditions, the Type-B protocol can be as effective as the
Type-C, while the efficiencies of using more than two active
relays for ODSTCi are usually negligible in all three protocols.
Specifically speaking, in a typical operating condition where
the S-R link quality is slightly worse or comparable to the R-D

link quality, using only ODSTC2 for the Type-C protocol can
effectively enlarge the relay setSD and offer significant through-
put enhancement. On the contrary, when the R-D link quality
becomes significantly worse, then using the Type-B protocol
can attain the full diversity, and from a throughput point of
view, either the Type-A with ODSTC2 or the Type-B with OR
provide a satisfactory throughput.

APPENDIX A
CAPACITY OUTAGE PROBABILITY OF ODSTCi

The achievable capacity of OMPR with DSTC can actually be
represented as a function of the sum of the top order statistics.
The capacity outage probability w.r.t. a predefined threshold
can thus be derived based on [30, Th. 11.3.1]. Given Xj ∼
Exp(λ2,j ), j ∈ SD , we define λ2,a �= λ2,b if a �= b. Conditioned
on |SD | ≥ 1, the outage probability of OMPR with DSTC for
the case of i = 1 is given by

Pr {max{Xj | j ∈ SD} < x} =
∏

j∈SD

(
1 − e−λ2, j x

)
. (52)

If i ≥ d, we define Xsum �
∑

j∈SD
Xj . Since every Xj is

independent, the moment generating function (MGF) of Xsum

is equal to the product of the MGF of each Xj , j ∈ SD

MX sum(t) =
∏

j∈SD

(
1 − t

λ2,j

)−1

=
∑

j∈SD

Θj,D
1 − t/λ2,j

(53)

where Θj,D =
∏

�∈SD ,� �=j (1 − λ2, j

λ2, �
)−1. Since (53) is a simple

summation form, its inverse Fourier transform, i.e., the PDF of
Xsum, can be readily obtained. Then, the cumulative distribution
function (CDF) of Xsum can thus be given by

FX sum(x) = Pr {Xsum < x} = 1 −
∑

j∈SD

Θj,De−λ2, j x . (54)

When 1 < i < d, we recall that X ′ represents a set whose
elements are those of X but arranged in the ascending order,
and hence, there are d! possible arrangements. As a result, the
joint PDF of X ′

1, . . . , X
′
D is the sum of d! terms, and each term

is given by

d∏

k=1

λ2,r(k)e
−λ2, r (k ) xk dxk , 0 < x1 < · · · < xd < ∞ (55)

where (r(1), . . . , r(d)) represents a sequence of numbers that
denote the permutation of the index set {j|j ∈ SD}, yielding
Xr(k) = X ′

k , k = 1, . . . , d. Thus, the complimentary capacity
outage probability of ODSTCi can be formulated as

Pr

⎧
⎨

⎩

d∑

j=d−i+1

Xj
′ > δr

∣∣∣∣ d ≥ 1

⎫
⎬

⎭

=
∑

d!

∫
· · ·

∫

0< x 1< x 2< ···< x d < ∞
x d −i + 1+ ···+ x d > δ r

d∏

k=1

λ2,r(k)e
−λ2, r (k ) xk dxk . (56)
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Following the same approach in [30], we split and group the
d! terms into the following cases:

1) Let X ′
d−i = Xr(d−i) = Xj = x with λ2,j = λ2,r(d−i) .

2) Given j ∈ SD , we define SL (j) � {m|m ∈ SD , Xm ∈
{X ′

1, . . . , X
′
d−i−1}, m �= j} to identify the relays which

are in SD and have lower channel strength than Xj . In
addition, we further define S′

L (j) as a typical ordered set
of SL (j), and there are Cd−1

d−i−1(d − i − 1)! possible com-
binations of S′

L (j).
3) The remaining relays, which have stronger channel

strength than Xj , compose the set SU (j) � {m|m ∈
SD , Xm ∈ {X ′

d−i+1, . . . , X
′
d}, m �= j} and denote

S′
U (j) as a typical ordered set of SU (j).

Accordingly, (56) can be simplified as

d∑

j=1

∫ ∞

0
λ2,j e

−λ2, j x
∑

S′
L (j )

∫
· · ·

∫

0<x1< ···<xd −i−1<x

d−i−1∏

k=1

λ2,r(k)

eλ2, r (k ) xk
dxk

︸ ︷︷ ︸
(a)

×
∑

S′
U (j )

∫
· · ·

∫

0<x<xd −i + 1< ···<xd <∞
xd −i + 1+ ···+xd >δr

d∏

k=d−i+1

λ2,r(k)

eλ2, r (k ) xk
dxkdx

︸ ︷︷ ︸
(b)

. (57)

Actually, (a) of (57) is the probability that all the elements in
S(j) are less than x, and can, thus, be given by (52), which
follows:

(a) =
∑

SL (j )

Pr

{
max

k∈SL (j )
Xk < x

}

=
∑

SL (j )

∏

k∈SL (j )

(
1 − e−λ2, k x

)
. (58)

Based on (54), let Yk = Xk − x, k = d − i + 1, . . . , d. We
may simplify (b) of (57) as

(b) = e−x
∑

q ∈SU ( j ) λ2, q Pr

⎧
⎨

⎩

∑

k∈SU (j )

Yk > δr − ix

⎫
⎬

⎭

= e−x
∑

q ∈SU ( j ) λ2, q
∑

k∈SU (j )

Θk,M e−λ2, k (δr −ix) . (59)

Substituting (58) and (59) into (57), the outage probability
POi |D(δr |d) = 1 − Pr{

∑d
j=d−i+1 X ′

j > δr |d ≥ 1} can finally
be expressed as

1 −
d∑

j=1

λ2,j

∑

SL (j )

⎡

⎣
∫ ∞

δ r
i

∏

m∈SL (j )

(
1 − e−λ2, m x

)

× e−(λ2, j +
∑

q ∈SU ( j ) λ2, q )xdx +
∑

k∈SU (j )

e−λ2, k δr

∏
�∈SU (j ),� �=k

(
1 − λ2, k

λ2, �

)

×
∫ δ r

i

0

∏

m∈SL (j )

(
1 − e−λ2, m x

)
e−(λ2, j +

∑
q ∈SU ( j ) λ2, q −iλ2, k )xdx

]
.

(60)

APPENDIX B
PROOF OF PROPOSITION 1

To find the closed-form expression of limλ→0
POi |D(δr |d)

λd , we
would need an asymptotic result of the CDF given below.

Assume D ≥ i. Let Oi �
∑D

j=D−i+1 X ′
j stand for the sum-

mation of the largest i out of D independent identically dis-
tributed exponential RVs, Xj ∼Exp(λ/β), with X ′

D ≥ X ′
D−1 ≥

, . . . , X ′
1 ≥ 0. For the CDF of Oi < δr , we have

FOi
(δr ) =

∫ δ r
i

0

∫ δ r −x ′
D−i + 1

i−1

x ′
D−i + 1

· · ·
∫ δr −x ′

D−i + 1−...−x ′
D−1

x ′
D−1

× fX ′
D ,...,X ′

D−i + 1
(x′

D, . . . , x′
D−i+1)dx′

D · · · dx′
D−i+1

(61)

where the joint PDF of the ordered RVs X ′
D, . . . , X ′

D−i+1 is
shown by [31]

D!
(D − i)!

λi

βi
e−

λ
β

∑ i−1
� = 0 x ′

D−�

(
1 − e−

λ
β x ′

D−i + 1

)D−i

. (62)

To derive the expression of limλ→0
1

λD FOi
(δr ), we compute

its upper and lower bounds. For the lower bound, exploiting
Fatou’s lemma [32], we obtain

lim
λ→0

inf
FOi

(δr )
λD ≥

∫ δ r
i

0
· · ·

∫ δr −x ′
D−i + 1−...−x ′

D−1

x ′
D−1

× lim
λ→0

inf
fX ′

D ,...,X ′
D−i + 1

(x′
D, . . . , x′

D−i+1)

λD dx′
D · · · dx′

D−i+1

(63)

where

lim
λ→0

inf
fX ′

D ,...,X ′
D−i + 1

(x′
D, . . . , x′

D−i+1)

λD

= lim
λ→0

inf
λiD!

(
1 − e−

λ
β x ′

D−i + 1

)D−i

λD(D − i)!βi

i−1∏

�=0

e−
λ
β x ′

D−�

=
D!

(D − i)!
(x′

D−i+1)
D−i

βD (64)

due to the fact that limλ→0 inf e−
λ
β x ′

D−� = 1 and limλ→0

inf (1−e
− λ

β
x ′
D−i + 1 )D−i

λD−i = (
x ′
D−i + 1

β )D−i by L’hôpital’s rule. As a re-
sult, we have

lim
λ→0

inf
FOi

(δr )
λD ≥ D!

(D − i)!βD q(δr ,D, i) (65)

where q(δr ,D, i) is defined as

q(δr ,D, i) �
∫ δ r

i

0

∫ δ r −x ′
D−i + 1

i−1

x ′
D−i + 1

· · ·
∫ δr −x ′

D−i + 1−...−x ′
D−1

x ′
D−1

× (x′
D−i+1)

D−idx′
D · · · dx′

D−i+1. (66)

On the other hand, we have e−
λ
β

∑ i−1
� = 0 x ′

D−� ≤ 1 and
1 − e−x ′

D−i + 1/βρ ≤ x′
D−i+1/βρ ∀ x′

D−� ≥ 0, � = 0, . . . , i − 1.
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Substituting these upper bounds back into (62), we obtain

lim
λ→0

sup
FOi

(δr )
λD ≤ D!

(D − i)!βD q(δr ,D, i). (67)

Since inf(·) ≤ sup(·), by (65) and (67), we have

lim
λ→0

FOi
(δr )

λD =
D!

(D − i)!βD q(δr ,D, i). (68)

To further process q(δ,D, i), we define a change of vari-
able Ti = XD−i+1, Ti−1 = XD−i+2 − XD−i+1, · · · , T1 = XD
− XD−1, or equivalently, X ′

j �
∑i

p=D−j+1 Tp, j = (D −
i + 1), . . . ,D. By the change of variable, we have 0 ≤
Ti = X ′

D−i+1 ≤ 1
i

∑D
j=D−i+1 X ′

j = Oi

i < δr

i , and 0 ≤ Tk <
δr −

∑ i
j = k + 1 jTj

k , k = 1, . . . , i − 1. Then, it can be shown as

q(δr ,D, i) =
∫ δ r

i

0

∫ δ r −i t i
i−1

0
· · ·

∫ δr −
∑ i

j = 2 j ·tj

0
tD−i
i dt1 · · · dti.

(69)
This multiple integrals can be solved with Lemma 1 provided

in Appendix C which gives q(δr ,D, i) = δD
r (D−i)!
i!iD−i D! . Substituting

this expression back into (68), we obtain

lim
λ→0

FOi
(δr )

λD =
δDr

i!iD−iβD . (70)

Applying this formula to limλ→0
1
λd POi |D(δr |d) gives

lim
λ→0

1
λd

POi |D(δr |d) =
δd
r

i!id−iβd
, d ≥ i. (71)

In cases where d < i, then all the relays in SD will be
used to forward the signal. The corresponding expression of
limλ→0

1
λd POi |D(δr |d) is equal to setting i = d in (71). Define

id � min{i, d} thus, we have (13).

APPENDIX C
PROOF OF LEMMA 1

Lemma 1: When L ≥ n, L and n are nature numbers, we
have

∫ T
n

0

∫ T −n t n
n −1

0
· · ·

∫ T −n t n −···−2t 2
1

0
tL−n
n dt1dt2 · · · dtn

=
TL (L − n)!
n!nL−nL!

� Fn (T,L). (72)

Proof: From the table of integrals [33], we have
∫ u

0
(u − x)p−1xv−1dx = up+v−1 (p − 1)!(v − 1)!

(p + v − 1)!
. (73)

Let n = 2, by (73), we obtain
∫ T

2

0

∫ T −2t2

0
tL−2

2 dt1dt2 = 2
∫ T

2

0

(
T

2
− t2

)
tL−2

2 dt2

=
TL (L − 2)!
2 · 2L−2 · L!

= F2(T,L). (74)

With some mathematical manipulations, we can obtain by
induction the form of (72), which completes the proof. �

APPENDIX D
PROOF OF PROPOSITION 4

Given id � min{i, d}, psd � δs

ρ , psr � δs

αρ , and prd � δr

βρ

with 0 < psd, psr , prd < 1, we may define Υk (α, β, ρ) �
∑M

d=1 Ωd,k ( pr d

ps r
)dp

id (k−1)
rd to write PA,i(n) of (31) as

PA,i(n) .= psdΛn
α,ρ +

n∑

k=1

Λn−k+1
α,ρ Υk (α, β, ρ) (75)

where Ωd,k � C M
d

i
(d −i d )
d (id !)k

and 0 < Λα,ρ � psdp
M
sr < 1. In the

sequel, we discuss the dominant terms of Υk (α, β, ρ) and,
hence, (75) under different channel conditions.

1) When i > 1 and 1 > psr > prd , it is clear that Υk (α, β, ρ)
is dominated at high SNR by the event of d = 1, which
results in Υk (α, β, ρ) .= Mp−1

sr pk
rd and the second term

on the RHS of (75) asymptotically equal to

M
prd

psr

n∑

k=1

(
psdp

M
sr

)n
(

prd

psdpM
sr

)k−1
.= Mpsdp

M −1
sr pn

rd .

(76)
Compared to the first term on the RHS of (75), which is
pn+1

sd pM n
sr , (76) has a much lower order of ρ−1 such that

PA,i(n) .= Mpsdp
M −1
sr pn

rd at high SNR. Nevertheless,
when the SNR is not very high, we may have PA,i(n) .=
pn+1

sd pnM
sr > Mpsdp

M −1
sr pn

rd under certain channel condi-

tions that satisfy 1 > p
M (n−1)+1
sr > M( pr d

ps d
)n or, equiva-

lently, 1 > psr > [ 1
M ( δs

δr
β)n ]

−1
M (n −1)+ 1 � pA,2.

2) When i > 1 and prd ≥ psr , in typical channels, we have
1 > prd ≥ psr > pk

rd , namely 1 > δr

βρ ≥ δs

αρ > ( δr

βρ )k for

n ≥ k > k′ with k′ � � log(α/δs )+log ρ
log(β/δr )+log ρ � ≥ 1. By the defi-

nition, Υk (α, β, ρ) equals

i−1∑

d=1

Ωd,k

(
pk

rd

psr

)d

+
M∑

d=i

Ωd,k

(
prd

psr

)d−i (
pk

rd

psr

)i

.

(77)
Regarding pr d

ps r
= αδr

δs β as a finite constant greater than one,

then (77) is dominated by the event of d = 1 when pk
r d

ps r



1 at high SNR, which results in Υk (α, β, ρ) .= Mp−1
sr pk

rd .
As for n > k′ ≥ k ≥ 1, however, we have pk

rd ≥ psr ,
namely, 1 > ( δr

βρ )k ≥ δs

αρ . Then, Υk (α, β, ρ) becomes
dominated by the second term on the RHS of (77),
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yielding

n∑

k=1

Λn−k+1
α,ρ Υk (α, β, ρ)

=
k ′∑

k=1

M∑

d=i

Ωd,k
pd

rd

pd
sr

[
psdp

M
sr

]n
[

pi
rd

psdpM
sr

]k−1

+
n∑

k=k ′+1

M
prd

psr
pn

sdp
M n
sr

[
prd

psdpM
sr

]k−1
.= Mpsdp

M −1
sr pn

rd

(78)

whose order is of ρM +n due to the dominant event of
k = n.
In case of pn

rd ≥ psr , i.e., k′ ≥ n, then (78) becomes

n∑

k=1

M∑

d=i

Ωd,k
pd

rd

pd
sr

(
psdp

M
sr

)n
(

pi
rd

psdpM
sr

)k−1

.= psdp
M
sr p

i(n−1)
rd

M∑

d=i

Ωd,n
pd

rd

pd
sr

. (79)

This is clearly of the order of ρM +1+i(n−1) , and by (75),

we obtain PA,i(n) .= psdp
M
sr p

i(n−1)
rd

∑M
d=i Ωd,n

pd
r d

pd
s r

since

it is impractical to have psdΛn
α,ρ > psdp

M
sr p

i(n−1)
rd

∑M
d=i

Ωd,n
pd

r d

pd
s r

in (75), which in general would lead to

pn
sdp

(M −i)(n−1)
sr >

M∑

d=i

Ωd,n

(
prd

psr

)d+i(n−1)

> 1. (80)

It is noted that k′ changes with ρ. In different ranges
of the SNR, the logarithm of

∑n
k=1 Λn−k+1

α,ρ Υk (α, β, ρ)
may, thus, be dominated by the logarithm of (78) or
(79), depending on their relative magnitudes. In other
words, it either has a slope of −[M + 1 + i(n − 1)] w.r.t.

log ρ when prd ≥ [
∑M

d=i
Ωd , n

M ( α
δs

δr

β )d−1]
−1

(n −1) ( i−1) � pA 1

and prd ≥ p
1
n
sr or, otherwise, a slope of −(M + N), given

prd ≥ psr , i.e., α
δs

≥ β
δr

.
3) For i = 1, on the other hand, it follows from (75) that

n∑

k=1

Λn−k+1
α,ρ Υk (α, β, ρ) .=

M∑

d=1

CM
d psdp

M −d
sr pd+n−1

rd .

(81)
In this case, PA,i(n) will be dominated by the first term
on the RHS of (75) only if

pn+1
sd pM n

sr >

M∑

d=1

CM
d psdp

M −d
sr pd+n−1

rd . (82)

Namely, psr>pA 3 � [ 1
Δα , β

( δs

δr
β)n ]

−1
M (n −1)+ 1 ≥ pA 2 since

Δα,β �
∑M

d=1 CM
d ( α

δs

δr

β )d−1 ≥ M .

APPENDIX E
PROOF OF PROPOSITION 5

Since {d� + i�(M − d�)} ≥ M , with the equality holding
either when i� � min{i, d�−1} = 1 or d� = M . Given i > 1
and d0 ≥ 1, for k ≥ 2, by inspection, we have the following:

1) Define U0 � {d0|d0 ∈ [1,M ]}.
2) ARQ2:

To satisfy d1 + i1(M − d1) = M :
a) For (i1 = 1 and d1 < M ), then d0 = 1, we have

Ua
1 � {(d1, d0)|d0 = 1, d1 ∈ [0,M − 2]};

b) For d1 = M . Since d0 ≥ 1, we have U b
1 �

{(d1, d0)|d1 = M − d0, d0 ∈ U0};
c) Thus, U1 � Ua

1 ∪ U b
1 satisfies d1 + i1(M − d1) =

M .
3) ARQ3:

a) For (i2 = 1 and d2 < M ), then d1 = 1. Since
d0 ≥ 1, d� + i�(M − d�) = M, � ∈ [1, 2], is sat-
isfied when Ua

2 � {(d2, d1, d0)|d0 = 1, d1 = 0, d2

∈ [0,M − 2]}.
b) For d2 = M , to also satisfy d1 + i1(M − d1) =

M , we have (d1, d0) ∈ U1. Thus, U b
2 � {(d2, d1,

d0)|d2 = M − d1, (d1, d0) ∈ U1}.
c) U2 � Ua

2 ∪ U b
2 satisfies d� + i�(M − d�) = M, � ∈

[1, 2].
4) For ARQk-1:

Assume Uk−2 � Ua
k−2 ∪ U b

k−2 satisfies d� + i�(M − d�)
= M ∀� ∈ [1, k − 2], with Ua

k−2 � {(dk−2, . . . , d0)|d0 =
1, d1 = · · · = dk−3 = 0, dk−2 ∈ [0,M − 2]} and U b

k−2

� {(dk−2, . . . , d0)|dk−2 = M − dk−3, (dk−3, . . . , d0) ∈
Uk−3}.

5) For ARQk:
a) For (ik−1 = 1 and dk−1 < M ), then dk−2 = 1. Since

d0 ≥ 1, d� + i�(M − d�) = M∀� ∈ [1, k − 1]
is satisfied when Ua

k−1 � {(dk−1, . . . , d0)|d0 =
1, d1 = · · · = dk−2 = 0, dk−1 ∈ [0,M − 2]}.

b) For dk−1 = M , to also satisfy d� + i�(M − d�)
= M∀� ∈ [1, k − 2], we have (dk−2, . . . , d0) ∈
Uk−2. Thus, U b

k−1 � {(dk−1, . . . , d0)|dk−1 = M −
dk−2, (dk−2, . . . , d0) ∈ Uk−2}.

c) Having Uk−1 � Ua
k−1 ∪ U b

k−1 satisfies d� + i�(M −
d�) = M∀� ∈ [1, k − 1].

By induction, the proof is completed.
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