
2382 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 67, NO. 3, MARCH 2018

Effective Protocols and Channel Quality Control
Mechanisms for Cooperative ARQ With

Opportunistic AF Relaying
Chun-Kai Tseng and Sau-Hsuan Wu

Abstract—Incorporating relaying techniques into automatic re-
peat reQuest (ARQ) in general will provide diversity and through-
put enhancements. However, when opportunistic amplify-and-
forward (AF) relaying is applied to cooperative ARQ, the system
design becomes much more involved. First, our capacity outage
analysis shows that the temporal diversities of ARQs with a sin-
gle AF relay cannot be exploited unless the channel quality to the
relay exceeds a threshold. This notion of selective AF relaying is
extended to systems with multiple relays in an attempt to jointly
explore the temporal and spatial diversities with ARQ. Two types
of selective and opportunistic AF relaying schemes are then de-
veloped for such kinds of relay-assisted ARQ. And our analysis
further shows that the temporal and spatial diversities cannot be
fully exploited without the use of overhearing among relays and a
proper link quality control mechanism to prescreen the overheard
signals. This quality control mechanism is implemented with a set
of thresholds designed for each hop of the relaying path. Feasi-
ble threshold setting methods are also developed for the proposed
ARQ protocols to achieve their potential diversities. In contrast to
our designs, the ARQ scheme with the typical opportunistic AF
relaying method suffers from severe diversity losses. Simulations
also show that the proposed ARQ schemes are more effective in
throughput enhancement, and can provide cell-edge users almost
three times the throughput gain in comparison with ARQ with no
relay-assisted forwarding.

Index Terms—Cooperative ARQ, link quality control, oppor-
tunistic AF relaying, selective AF relaying, and SOAF.

I. INTRODUCTION

C ELL-EDGE signal quality, which generally suffers from
low reception power and severe co-channel interference,

has been a key issue for wireless communication system de-
signs. This signal quality control problem will become more
complicated if the density of wireless networks becomes higher.
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Cooperative relaying, enabling relay stations to support data
transmissions, provides an alternative and cost-effective ap-
proach to enhance signal coverage and transmission reliability.

Since the works of [1]–[3], a host of relaying protocols have
been studied and presented, either in academia (e.g., [4]–[11]
and the reference therein), or in international standards, such
as 3GPP LTE-Advanced (LTE-A) [12] and IEEE802.16j [13].
Among the works, amplified-and-forward (AF) and decoded-
and-forward (DF) are the two mostly studied relaying methods.
In contrast to DF relaying, AF relaying which only needs to
forward the amplified received signals has a lower cost, smaller
signal processing delays, and a simpler system requirement in
deployment [14]. In spite of these operational advantages, AF
relaying inevitably causes noise enhancement in relayed signals.
To control the effects of noise propagations, selective AF (SAF)
relaying methods are proposed in [15] to enhance the power ef-
ficiency of AF relaying, and in [10] to improve the performance
of multi-hop relaying. Basically, a relay in the SAF scheme is
activated only if the source-to-relay (S-R) channel quality is
greater than a predetermined threshold.

On the other hand, to avoid the complexity of using distributed
space-time coding [2] or beamforming, an opportunistic relay-
ing (OR) strategy is proposed in [3] to exploit the spatial diver-
sity offered by multiple AF relays. This opportunistic AF (OAF)
relaying method uses the relay with the highest instantaneous
signal-to-noise ratio (SNR) from the source to the destination
(S-D) to forward the signal, and can exploit the full spatial di-
versity offered by multiple relays in a typical two-hop relaying
manner.

Nevertheless, the diversity is gained at the expense of an
extra relaying phase for every packet transmission, which lim-
its the spectral efficiency of this diversity technique. To cir-
cumvent this problem, one may use non-orthogonal or full du-
plex relaying that allows the source node to continue sending
new packets while the relay nodes forward the old ones, e.g.,
[5]–[8]. This approach typically requires a fairly high complex-
ity in data detection. In contrast, a more straightforward method
is to incorporate cooperative relaying in automatic repeat re-
quest (ARQ). This cross-layer method allows relays to forward
signals only if the direct-link transmissions fail. In other words,
relaying is used for retransmissions only. This ARQ scheme in
principle provides a higher retransmission reliability and thus
reduces the average packet delivery delay, leading to a through-
put enhancement [16].
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In view of the potential of relaying for ARQ, several AF re-
laying based ARQ protocols have been presented [16]–[20]. In
[17], an adaptive relaying scheme is proposed where AF relays
sequentially forward their received signals in different time slots
until the destination successfully decodes the packet. To explore
a higher spatial diversity, an OAF relaying based ARQ is pro-
posed in [16], where each ARQ round is done by a selected
relay that can offer the highest S-D end-to-end SNR. Neverthe-
less, our analysis will soon show that the spatial and temporal
diversities available from ARQ are in fact not utilized by the
typical OAF ARQ scheme after the first round of retransmis-
sion due to noise propagation and the lack of quality control on
the relayed signals. A similar problem also occurs in the path
selection method of [11] for multi-hop AF relaying. For other
AF based ARQ schemes, e.g., [18]–[20], then two-hop trans-
missions are typically used in every ARQ round in order to avoid
the complicated quality control problem on the different hops of
relaying paths in ARQ, which, however, leads to capacity losses
due to the source rebroadcasting and the relaying steps involved
in every ARQ.

The above results show that the typical noise enhancement
problem in AF relaying appears to be a challenging issue in
the designs of AF based ARQ protocols that aim to use OR to
exploit the spatial and temporal diversities altogether. As to be
shown in this work, the design problem is particularly involved
due to the noise propagation effects in the relay reselection and
retransmission processes of ARQ. On one hand, the temporal
diversity offered by retransmissions is limited by the noise cou-
pled in the amplified and relayed signals. On the other hand, the
spatial diversity is dominated by the worst S-R channel quality
in retransmissions even if OR is employed to reselect the best
relay in every ARQ.

To resolve these problems, one not only needs to overcome
the noise propagation effects in AF relaying, but also needs to
prevent the spatial diversity from being limited by the worst
S-R channel quality. The key lies in a delicate screening process
to avoid unqualified relays from being selected in each single
ARQ, in the meantime to protect relays with reasonably good
channel qualities from being screened out, and in an overhear-
ing and rejuvenation process to reactivate the unqualified relays
for subsequent ARQs. This implies that an effective screening
mechanism, like SAF relaying, comes hand in hand with an
OR-based ARQ scheme that has the potential to provide the full
spatial and temporal diversities. To unravel these intertwined is-
sues in the screening, reselection and reactivation processes, we
adopt a divide-and-conquer approach to solve each individual
problem step by step.

In essence, to resolve the diversity loss in the typical OAF
ARQ [16] while avoiding the two-hop transmission involved in
every ARQ round [18]–[20], we develop a new type of ARQ
based on a selective and opportunistic AF (SOAF) relaying
method, and design link quality control mechanisms for it. Dif-
ferent from the typical OAF relaying [3], the SOAF relaying
only requires channel qualities at the receiving ends. The main
results and contributions of this research study are highlighted
as follows:

1) At first, we provide an outage analysis to show that the
thresholding method of SAF relaying also plays a key role for
ARQs that use AF relaying to exploit the temporal diversity.
If the threshold is not properly set to screen out unqualified
relays in advance, then an ARQ will fail to make use of the
temporal diversity from channel variations. This implies that
the typical OAF relaying method [3] is not able to utilize the
spatial diversity from OR after the first round of ARQ, either.

2) To combat this noise propagation effect, we first provide
a thresholding method that allows AF relaying to continue ex-
ploiting the temporal diversity through ARQs. Different from
the typical SAF or the OAF relaying, the proposed method em-
ploys a selective and opportunistic AF (SOAF) relaying mech-
anism to control channel qualities on both the source and the
forward links of the AF relaying nodes, respectively, yet only
requires channel qualities on the receiving ends, which much
simplifies the implementation of the proposed scheme.

3) Extending this result, we then devise an advanced version
of the SOAF relaying method for ARQ to exploit the full tempo-
ral and spatial diversities offered by multiple relays. The basic
idea originates from overhearing, which allows unqualified re-
lays to overhear the signals forwarded from qualified relays, and
a stricter thresholding mechanism to screen relays in every step
of the qualification and selection process of the every hop of AF
relaying. The quality control on the S-R or the relay-to-relay
(R-R) links of different hops is served by a set of thresholds
designed for each hop, and is done by the relays themselves.
And the main challenge to the thresholds design is to exploit
the diversity and the SNR gains from relays’ overhearing at the
same time. Thresholds too low will result in diversity losses,
while thresholds too high will lead to SNR gain losses as well.
Two feasible thresholds setting methods are then proposed and
discussed in this work.

4) Although, quality control on the relay links is typically not
a concern in DF based ARQ schemes [21]–[25]. It turns out to
be a fundamental problem in the AF based schemes. Identifying
a key property from our analysis, we provide in this paper a new
look and method for quality control along each hop of the multi-
AF relaying systems. The proposed quality control method is
shown effective to exploit the full spatial diversity in every ARQ
round, yet is able to provide a performance comparable to that of
the DF based counterparts. Simulation studies also show that our
proposed ARQ schemes can more effectively enhance the cell-
edge throughput than the OAF ARQ, and can provide almost
three times the cell-edge throughput higher than ARQ with no
relay forwarding.

The paper is organized as follows. Section II introduces the
basic system model. In Section III, we analyze the outage prob-
ability of an ARQ scheme that uses single-relay SAF relaying.
Extending this result, we provide in Section IV the outage anal-
ysis for ARQ schemes that use OR, from which two types of
SOAF ARQ protocols are developed. Section V studies thresh-
old setting methods for the proposed ARQ schemes, followed
by their throughput simulation results in Section VI.

Notations: R and C stand for the real and the complex fields
respectively, R+ represents the positive real field, and N denotes
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Fig. 1. An illustration of the considered multi-AF-relay system.

the set of natural numbers. Ea>0[f(a)] denotes the expectation
of f(a) over the region of the random variable a > 0. The term
a := b means “b” is assigned to “a”. In general, |a| stands for the
absolute value of the variable “a”, but if “a” is a set, |a| repre-
sents its cardinality. We denote the index set of [i, i + 1, . . . , j]
by Ij

i where i and j are integers. The diversity order d of a
function f(ρ) is defined as d � − limρ→∞ log f(ρ)/log ρ, and

f(ρ) d= g(ρ) means they have the same diversity order. Finally,
f(ρ) .= g(ρ) represents limρ→∞ ρdf(ρ) = limρ→∞ ρdg(ρ) with
the exponent d equal to the diversity order of f(ρ) and g(ρ).
Following this definition, we may define ≤̇ and ≥̇ accordingly.
Other notations for analysis will be defined in the sequel when
needed.

II. BASIC SYSTEM MODEL

We consider a relay-assisted wireless network, as illustrated
in Fig. 1, which consists of one source, one destination and m AF
relays. The relays are employed here to help retransmit signals.
The source, destination and relays are assumed equipped with
a single antenna. We denote the channel coefficients from the
source to the destination, the source to relay j, and the relay to
the destination by hsd , hj,sr and hj,rd ,∀j ∈ Im

1 . Throughout the
paper, the channels between any transmit and receive pairs are
considered flat and block Rayleigh faded, where the correspond-
ing channel coefficients are all zero-mean complex Gaussian
random variables whose realizations remain unchanged within
a packet duration of L symbols, and change independently for
every packet transmission or retransmission.

This block-fading assumption is reasonable under the situ-
ation [26]: Within a network that serves multiple users over
time-variant channels, such as time division multiple access
(TDMA) systems, the length of each packet to be transmitted or
received by one user is less than the channel coherence inter-
val, and every packet belonging to a certain user would not be
processed in continuous phases or resource blocks since each
user should be fairly served. Though stated for a TDMA system
more than a decade ago, the same operation condition applies
to the current 4G system with orthogonal frequency division
multiple access (OFDMA). Despite the fact that an exact anal-
ysis for a large network such as LTE-A is beyond the scope of
this paper, the single-user analysis conducted herein under the
block-fading assumption can provide valuable insights into the
multi-user systems described above.

In addition, for the simplicity of expression, the average trans-
mit SNR is assumed, without loss of generality, to be the same
at the source and the relays, and is denoted by ρ � Es

N0
where

Es and N0 stand for the symbol energy and the noise variance.
We employ a channel codebook of rate R (in bits/channel use)

with the codeword length equal to the packet length, L. The total
number of codewords, x̄j ∈ CL×1, is thus equal to �2RL	. The
codewords are assumed equiprobable, and satisfy an average
power constrain of E[‖x̄‖2] = L.

Further, we define the maximal number of ARQ rounds to
be N , and denote the i-th ARQ round by ARQi with ARQ0
standing for the initial packet transmission from the source. The
capacity outage probability after n rounds of ARQs with a re-
laying scheme A is denoted by PA

out,n . Finally, to focus on the
diversity analysis for cooperative ARQs, the impact of trans-
mission failures of control messages, e.g., acknowledgement
(ACK) or negative ACK (NACK), is ignored in this paper, and
there is no full channel state information (CSI) available at the
source for instantaneous transmission rate adaptation.

A. Relay-Assisted ARQ Model

The ARQ protocols to be investigated or developed basically
work as follows. In the beginning of a packet transmission, the
source broadcasts its signal to the relays and the destination. If
the destination successfully decodes the packet, then it will feed
back an ACK signal to the source and the relays, and the source
will continue to send the next packet. Otherwise, the destination
will issue a NACK signal, which invokes an ARQ procedure for
retransmissions. In general, retransmissions will be performed
by relays without the source’s rebroadcasting once the signals
received by at least one of the relays exceed a certain quality
level1; otherwise, the source will retransmit the signal by itself.
The relays’ forwarding control also depends on the operational
rule of the employed ARQ scheme.

To avoid the need for symbol-level transmission synchroniza-
tion among multiple points, such as using distributed space-time
coding, we consider an opportunistic relay selection method
where at most one relay is selected for each packet retrans-
mission. Compared to the typical OAF relay selection method
[3], [16], the method adopted herein only requires the relay-to-
destination (R-D) instantaneous CSI, which makes it easier to
design our proposed ARQ schemes in practice. For instance, to
implement this method in a cellular network, such as LTE-A
[12], the participating relays will be requested by the base sta-
tion to send pilot signals in dedicated relay subframes to let the
destination identify the relay that has the highest ρ|hj,rd | and
report the relay’s identification number to the base station for
retransmission scheduling.

III. ARQ WITH SELECTIVE AF RELAYING

We start our analysis with a single relay case, i.e., m = 1.
This case is aimed to show how the selective relaying scheme
influences the exploitation of the temporal diversity offered by
retransmissions. In particular, we will show from the viewpoint
of outage probability that the diversity order of this SAF based
ARQ scheme is limited to two if the threshold on the S-R channel
quality is not properly set, regardless of the number of ARQs.
On the contrary, if the threshold is set high enough, then the

1The threshold level(s) studied later for our proposed schemes can be easily
calculated and acquired by the relays before an initial packet transmission.
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temporal diversity offered by retransmissions can be utilized by
ARQs with SAF relaying. Nevertheless, a very high threshold
may result in a loss of SNR gain. The analysis and notion
established here will be later extended in Section IV to design
ARQ schemes (m > 1) that use both SAF and OR to exploit the
temporal and spatial diversities altogether.

A. The Outage Probability of ARQs with SAF Relaying

Different from the typical AF relaying function, at the be-
ginning of a source packet transmission, the relay of the SAF
scheme first senses its S-R link quality, ρ|hsr |2, and compares it
against a predetermined threshold, Δ. If ρ|hsr |2 > Δ, the relay
further receives and records the noise-corrupted source signal
in its buffer, and then labels itself as a qualified node that is
ready for retransmission. Otherwise, the relay remains idle. In
case of an initial reception failure at the destination, if the relay
is qualified, it then amplifies and forwards its recorded signal
to the destination for ARQ. And, the relay will continue to use
the same recorded signal for the following ARQs of the same
packet if needed. Otherwise, the source retransmits the packet
by itself until the relay becomes qualified, or when no ARQ is
further needed, i.e., either the packet is delivered successfully
or when the maximal number of ARQs is reached.

Following this ARQ protocol, if the source retransmits for
ARQl, during which the relay is also assumed to first become
qualified, then we can model the received signals at the destina-
tion and the relay in this ARQ round, respectively, as

ȳ
(l)
sd =

√
ρh

(l)
sd x̄ + n̄

(l)
d and ȳ(l)

sr =
√

ρh(l)
sr x̄ + n̄(l)

r (1)

where the subscript “(l)” is used to indicate the retransmission
block of ARQl, and the entries of the noise vectors n̄d and
n̄r are independent and identically distributed (i.i.d.) complex
Gaussian variables with zero mean and unit variance.

For the following ARQs, i.e., ARQi with i > l, the retrans-
missions are performed by the relay. Thus, the corresponding
received signals at the destination can be expressed as

ȳ
(i)
rd =

√
ρh

(i)
rd√

ρ|h(l)
sr |2 + 1

ȳ(l)
sr + n̄

(i)
d , for i > l (2)

where the denominator (ρ|h(l)
sr |2 + 1) is the power normalization

factor [1] used by the relay on its received signal ȳ
(l)
sr .

We denote the instantaneous received SNR at the destination
for ARQi by Γ(i)

d . Following the models (1) and (2) where the

source retransmits for ARQ0∼ARQl, we have Γ(i)
d = ρ|h(i)

sd |
for i = 0, . . . , l, and Γ(i)

d given by [1], [27]

Γ(i)
d =

ρ2|h(l)
sr |2|h(i)

rd |2

ρ|h(l)
sr |2 + ρ|h(i)

rd |2 + 1
, for i > l. (3)

We note here that the same S-R link quality ρ|h(l)
sr |2 is coupled

in the relayed signals of ARQs.
Based on the aforementioned system model and ARQ-SAF

protocol, we show in what follows that the threshold Δ for
SAF relaying plays a crucial role for an ARQ to achieve its
full diversity. In contrast, the ARQ scheme with the typical

AF relaying (Δ = 0) is not able to make use of the temporal
diversity from retransmissions. The analysis is mainly based on
the capacity outage probability of the form

Pr
{

log2

(
1 + Γ(i)

d

)
< R

}
= Pr

{
Γ(i)

d < δ
}

(4)

with δ � 2R − 1. In addition, for convenience of exposition,
we define a few notations to be used frequently in the analy-
sis. First, we define the variances of the channels hsd , hsr , and
hrd as β0, β1 and β2. Radio propagation losses are considered
in the channel variances. We then define some random vari-
ables as w � ρ|hsd |2 ∼ Exp(ρβ0), a � ρ|hsr |2 ∼ Exp(ρβ1),
and b � ρ|hrd |2 ∼ Exp(ρβ2) where we ignore the transmission
block indices of the channel coefficients for conciseness and
will specify them if necessary, and x ∼ Exp(y) means x is ex-
ponentially distributed with a mean equal to y.

Let F (Δ, �) stand for the capacity outage probability of �
consecutive retransmissions by the relay. Given the threshold
Δ, the outage probability after n rounds of ARQs with the SAF
relaying scheme can be expressed as

PSAF
out,n = Pr{w < δ}

×
n∑

�=0

[
(Pr{a ≤ Δ}Pr{w < δ})n−�F (Δ, �)

]
(5)

where the first term Pr{w < δ} results from ARQ0, and the
term (Pr{a ≤ Δ}Pr{w < δ})n−� corresponds to the cases of
n − � consecutive retransmissions by the source. As for the
following � ARQ rounds done by the relay, based on the form
of (3), F (Δ, �) for � > 0 is defined as the joint probability of

F (Δ, �) = Pr
{

a > Δ, ab1
a+b1+1 < δ, . . . , ab�

a+b� +1 < δ
}

(6)

with F (Δ, 0) � 1. Since the R-D channel is assumed to fade
independently in each ARQ round, the subscript of b� is used to
distinguish the channel quality in each ARQ round.

Obviously, the retransmission events in F (Δ, �) are corre-
lated since the received S-R channel quality “a” in them are the
same even if bl are statistically independent. With some mathe-
matical manipulations, it can be further shown that the form of
F (Δ, �) depends on the ratio of Δ to δ, and can be expressed as
a formula summarized in the next lemma.

Lemma 1: Given Δ, R and, hence, δ, we have

F (Δ, �) = e
− Δ

ρ β 1 +⎧⎨
⎩

∑�
i=1C�

i (−1)ie
−( 1

ρ β 1
+ i

ρ β 2
)δΓ(1, 0; i(δ 2+δ)

ρ2β1β2
), Δ < δ

∑�
i=1C�

i (−1)ie
−( 1

ρ β 1
+ i

ρ β 2
)δΓ(1, Δ−δ

ρβ1
; i(δ 2+δ)

ρ2β1β2
),Δ ≥ δ

(7)

where Γ(α, x; b) �
∫∞

x tα−1e−t− b
t dt is the generalized incom-

plete gamma function [28], and C�
i � �!

i!(�−i)! .
Proof: See Appendix A. �
Substituting (7) into (5) gives the exact expression for PSAF

out,n .
Let Δ := λ × δ with λ ∈ R+ . Given R, i.e., δ, the relations
between λ and the SNR ρ for PSAF

out,n to achieve a target Pt are
illustrated in Fig. 2. As can be seen in the figure, the required
SNRs with different Pt’s all reduce dramatically around λ = 1.
This in fact results from the diversity variations with respect
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Fig. 2. Given δ, the relations between λ and the transmit SNR ρ for PSAF
out,3 to

achieve the target Pt when Δ := λδ.

to (w.r.t.) Δ in F (Δ, �) of PSAF
out,n , which is analyzed in the

next lemma. Before that, we introduce a useful lower bound for
F (Δ, �), denoted by F̃ (Δ, �), which is defined as

F̃ (Δ, �) � Pr{a > Δ}Pr {b1 < δ, . . . , b� < δ} , � ≥ 1 (8)

with F̃ (Δ, 0) � 1. Comparing (8) to (6), we have F (Δ, �) ≥
F̃ (Δ, �) for any Δ since ab

a+b+1 ≤ min[a, b] ≤ b holds ∀a, b ≥
0. Namely, we obtain the lower bound of F (Δ, �) by ignoring
the effect of noise enhancement on the relayed signals.

Lemma 2: Given the rate R, namely δ, let Δ := λ × δ with
λ ∈ R+ . For � ∈ N, we have F (Δ, �) .= F̃ (Δ, �) .= ( δ

ρβ2
)� if

λ > 1; whereas, if λ < 1, F (Δ, �) is of the order of ρ−1, and
follows F (Δ, �) .= δ−Δ

ρβ1
for � ≥ 2.

Proof: See Appendix B. �
Intuitively, as λ > 1, the thresholding mechanism prevents

low-quality signals from being relayed, as such the ARQ events
become virtually uncorrelated with the S-R link quality “a” at
high SNR, leading to F (Δ, �) .= F̃ (Δ, �). In addition, F̃ (Δ, �)
is indeed a useful approximation for F (Δ, �) since no numerical
integration is needed for the evaluation of Γ(α, x; b) in (7). In
view of the simplicity, we then define a lower bound P̃SAF

out,n for

PSAF
out,n by replacing F (Δ, �) in (5) with F̃ (Δ, �).
Since (Pr{a ≤ Δ}Pr{w < δ}) in PSAF

out,n is equal to (1 −
e
− Δ

ρ β 1 )(1 − e
− δ

ρ β 0 ) =̇ Δ
ρβ1

δ
ρβ0

whose diversity order is two, by

(5) and Lemma 2, we can see that PSAF
out,n will be dominated at

high SNR by the case of � = n in (5) due to its lowest diversity
order; namely PSAF

out,n
.= Pr{w < δ}F (Δ, n). The relationship

between PSAF
out,n and Δ can thus be characterized as follows:

Proposition 1: Let Δ := λδ with λ ∈ R+ . If Δ > δ, we have
PSAF

out,n
.= P̃SAF

out,n
.= δ

β0
( δ

β2
)nρ−(n+1) ; whereas, if Δ < δ, we ar-

rive at PSAF
out,n

.= δ
β0

δ−Δ
β1

ρ−2, for n ≥ 2.
The proposition shows that if a basic channel quality is met

at the relay before using the AF relaying, the temporal diversity

Fig. 3. Outage probabilities after 3 rounds of ARQ-SAFs (PSAF
out,3), with dif-

ferent values of λ when Δ := λδ.

of ARQs can be greatly improved from the viewpoint of outage
probability. Simulation results for PSAF

out,3 with different Δ’s are
shown in Fig. 3 to verify our theoretical analysis. For λ > 1,
PSAF

out,3 becomes closer to P̃SAF
out,3 when the SNR increases.

On the other hand, Proposition 1 also shows that the diversity
order of ARQs with direct AF relaying (ARQ-AF) is equal to
two since it is simply a special case of ARQ-SAF with Δ := 0.
Based on (6), the corresponding capacity outage probability for
ARQ-AF is given by PAF

out,n = Pr{w < δ}F (0, n).

IV. COOPERATIVE ARQ WITH SELECTIVE AND OPPORTUNISTIC

AF RELAYING

The analysis in the previous section points out the importance
and the role of S-R link quality control in our quest to improve
the system reliability with AF retransmissions. In addition to
utilizing the temporal diversity with ARQs, one may also exploit
the spatial diversity with multiple relays and the idea of OAF
in [3]. Incorporating the spatial diversity scheme of OAF into
the SAF ARQ framework may allow us to jointly exploit the
spatial and temporal diversities in multi-relay systems with the
same and simple AF relaying method. The outage analysis on
this selective and opportunistic manner of AF relaying leads
to two types of ARQ schemes. More importantly, it provides a
new look and method on the quality control along each hop of
multi-AF-relay systems.

To simplify our theoretical analysis, the variances of hj,sr for
different j are assumed the same and equal to β1 which also de-
notes the variance of hsr in Section III-A. Similarly, the variance
of hj,rd is assumed equal to β2, ∀j ∈ Im

1 . Thus, we also use the
link qualities a and b to denote the random variables ρ|hj,sr |2
and ρ|hj,rd |2, when needed. In addition, we denote the channel
coefficient between relay i and relay j by hi,j , and assume the
variance of hi,j is equal to a number denoted by β3, ∀i, j and
i = j. Though simplified, the above channel assumptions make
the following analysis tractable, and allow us to investigate the
quality control mechanism from a theoretical perspective. In
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particular, we may set β1, β2 and β3 respectively as the worst
average S-R, R-D and R-R channel gains of a true system.
The resultant system performance can thus be considered as the
lowest potential performance of the system. Therefore, the fol-
lowing diversity analysis and channel requirements for relays
are still valid in a true system.

A. The Outage Probability of ARQ with the Typical
Opportunistic AF Relaying (ARQ-OAF)

We first investigate the outage probability of the ARQ scheme
that uses the opportunistic AF relaying method (ARQ-OAF). In
ARQ-OAF, to make full use of relaying, only the initial packet
transmission (ARQ0) is done by the source, and the follow-
ing retransmissions are done by selected relays. This scheme
chooses a relay j

(i)
∗ in each ARQ round, i, that satisfies

j
(i)
∗ = arg max

j∈{1,...,m}

{
ρ2|h(0)

j,sr |2|h
(i)
j,rd |2

ρ|h(0)
j,sr |2 + ρ|h(i)

j,rd |2 + 1

}
(9)

to directly amplify and forward the signal. Following this selec-
tion rule, we summarize the outage probability after n rounds
of the OAF based ARQs in the following proposition.

Proposition 2: Given R and m, the capacity outage proba-
bility after n rounds of ARQs with the typical OAF relaying is
given by POAF

out,n = Pr{w < δ} × (F (0, n))m , and its diversity
order is limited to (m + 1), ∀n ∈ N.

Proof: For the clarity of representation, we extend here the
notations a and b to ai,j and bi,j for the relay j at ARQi. Based
on (9), we can have POAF

out,n equal to

Pr{w < δ}Pr
{
max

(
a0,1b1,1

a0,1 + b1,1 + 1
, . . . ,

a0,m b1,m

a0,m + b1,m + 1

)

< δ, . . . ,max
(

a0,1bn,1

a0,1 + bn,1 + 1
, . . . ,

a0,m bn,m

a0,m + bn,m + 1

)
< δ

}

= Pr{w <δ}Pr
{

a0,1b1,1

a0,1+ b1,1 +1
< δ, . . . ,

a0,1bn,1

a0,1+ bn,1+1
< δ

}

× · · · × Pr
{

a0,m b1,m

a0,m + b1,m + 1
< δ, . . . ,

a0,m bn,m

a0,m + bn,m +1
< δ

}

= Pr{w < δ}(F (0, n))m . (10)

As for the diversity order analysis, since F (0, n) is of the

order of ρ−1 by Lemma 2, we thus have POAF
out,n

d= ρ−(m+1) . �
In fact, the ARQ-OAF scheme offers the full cooperative di-

versity only for the first ARQ round. In the subsequent ARQs,
even though the selected relays can offer the highest end-to-end
instantaneous SNR at the destination, the system still suffers
from the loss of temporal diversity as will be verified in Fig. 4.
Similar to the ARQ-AF scheme, the loss of the temporal diver-
sity mainly results from the unprescreened S-R link qualities
ρ|h(0)

j,sr |2, ∀j. This motivates us to develop ARQ schemes that
on one hand, require relays to prescreen their incoming signal
qualities, like the SAF relaying method, and on the other hand,
allow the destination to opportunistically choose a relay only
from the set of relays that pass the screening. This idea leads to
two types of ARQ schemes to be presented below, referred to

Fig. 4. Outage probabilities for ARQs with OAF and SOAF-A relayings. For
SOAF-A with Δ := λδ > δ, the diversity orders increase by 1 in each round of
the ARQs. Otherwise, they are limited to 2.

as the type A and B of ARQ-SOAF. We next start with the most
straightforward one.

B. ARQ with the Type A of SOAF Relaying (SOAF-A)

Extending the idea of the SAF relaying in Section III-A,
we define for SOAF relaying a qualified set Q of the relays
that sense their S-R link qualities ρ|hj,sr |2 > Δ in the source’s
broadcasting phase. In each ARQ, the relay inQwith the highest
ρ|hj,rd |2 gets selected to forward its recorded signal. In case
of Q = ∅, the source will retransmit by itself until Q = ∅ or
when no ARQ is further needed. Compared to the typical OAF
scheme of (9), the opportunistic relay selection method here only
requires R-D channel gains at the destination, which makes it
easier to implement the SOAF scheme in practice.

Specifically, if a Q with |Q| > 0 first forms at the end of
ARQl, then different from (9), the SOAF-A scheme chooses a
relay j

(i)
∗ for each ARQi, i > l, by the rule following

j
(i)
∗ = arg max

j∈Q

{
ρ|h(i)

j,rd |2
}

. (11)

Thus, similar to (3), for each ARQi, i > l, we can express in
this case the corresponding received SNR at the destination as

Γ(i)
d =

ρ2|h(l)

j
( i )
∗ ,sr

|2|h(i)

j
( i )
∗ ,rd

|2

ρ|h(l)

j
( i )
∗ ,sr

|2 + ρ|h(i)

j
( i )
∗ ,rd

|2 + 1
. (12)

For (12), we note that the random variable ρ|h(l)

j
( i )
∗ ,sr

|2 in fact

has the same distribution as ρ|hj,sr |2 for any j and transmission
block index (i.e., same as the link quality a), but its realiza-
tion at ARQl is coupled in the consecutive received SNR at the
destination for the following ARQ events. On the other hand,
based on (11), we know that ρ|h(i)

j
( i )
∗ ,rd

|2 has the same distribu-

tion as maxj∈Q ρ|hj,rd |2 � b[q ] given |Q| = q. In other words,
different cardinalities of the Q at ARQl will lead to different
distributions of the random variable Γ(i)

d in (12).
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With those observations, we can start to calculate the perfor-
mance of SOAF-A ARQ. We first let G1(Δ, �) be the capacity
outage probability of � consecutive retransmissions by relays
chosen according to the rule of the SOAF-A protocol. The out-
age probability after n rounds of ARQs with this SOAF-A re-
laying method can be expressed in a form as below:

Proposition 3:

PSOAF-A
out,n = Pr{w < δ}

×
n∑

�=0

[
(Pr{a ≤ Δ}m Pr{w < δ})n−� G1(Δ, �)

]
(13)

where G1(Δ, �) � 1 for � = 0, and for � > 0, it follows

G1(Δ, �) =
m∑

q=1

[
Cm

m−q (Pr{a ≤ Δ})m−q

× 1
q�

×F (q)(Δ, �, q)
]

, (14)

in whichF (i)(Δ, �, q) stands for the sum of the outage probabil-
ities of � consecutive retransmissions over all possible permu-
tations of � forwarding relays chosen independently each time
from the relays r1, . . . , ri in Q with |Q| = q. For q ≥ 2 and
� > 0, F (q)(Δ, �, q) can be recursively expressed as

F (i)(Δ, ζi , q) =
ζi∑

ζi−1=0

Cζi

ζi−1
(e−

Δ
ρ β 1 )μ(ζi ,ζi−1)

× F (Δ, (ζi − ζi−1)q) ×F (i−1)(Δ, ζi−1, q) (15)

with F (2)(Δ, ζ2, q) �
∑ζ2

ζ1=0 C
ζ2
ζ1

(e−
Δ

ρ β 1 )μ(ζ2,ζ1) × F (Δ, qζ1)
× F (Δ, (ζ2 − ζ1)q), where we define ζq � � for the case
of i = q, and μ(ζi , ζi−1) � δf [ζi − ζi−1] + δf [ζi−1] − δf [ζi +
ζi−1] such that μ(ζi , ζi−1) = 1 if ζi−1 = 0 or ζi−1 = ζi where
δf [·] is the delta function; otherwise, μ(ζi, ζi−1) = 0. As for
q = 1, we have F (1)(Δ, �, 1) � F (Δ, �).

Proof: In (13), (Pr{a ≤ Δ}m Pr{w < δ})n−� results from
the cases ofQ = ∅with n − � retransmissions by the source, and
G1(Δ, �) further calculates the performance of the following �
ARQ rounds done by relays selected from Q given that Q =
∅. More specifically, the performances of the SOAF-A ARQ
scheme with different |Q| = q ∈ Im

1 are characterized by (14).
See Appendix C for the details. �

By replacing F (Δ, �) in (15) with its lower bound F̃ (Δ, �),
we can have a lower bound for F (q)(Δ, �, q), which is given
by q� Pr{a > Δ}q Pr{b < δ}q×� . Substituting this result back
into (14), a lower bound for PSOAF-A

out,n can thus be obtained:
Corollary 1:

P̃SOAF-A
out,n = Pr{w < δ}

×
n∑

�=0

[
(Pr{a ≤ Δ}m Pr{w < δ})n−� G̃1(Δ, �)

]
(16)

where G̃1(Δ, �) �
∑m

q=1 Cm
m−q Pr{a ≤ Δ}m−q Pr{a > Δ}q

Pr{b < δ}q×� with G̃1(Δ, 0) � 1.
Proof: See Appendix D. �

According to Proposition 1, different thresholds for ARQ-
SAF result in different outage probabilities or even diversity
losses. Similarly, let Δ := λδ for the SOAF-A ARQ scheme.
Given λ ∈ R+ , the diversity order of PSOAF-A

out,n can be analyzed

by Lemma 2. If Δ > δ, it follows that PSOAF-A
out,n

.= P̃SOAF-A
out,n since

F (Δ, �) .= F̃ (Δ, �). In this case, by (16), we thus obtain

PSOAF-A
out,n

d=
1
ρ

n∑
�=0

⎡
⎢⎣
(

1
ρm

1
ρ

)n−�
⎛
⎝

m∑
q=1

1
ρm−q

1
ρq×�

⎞
⎠

1−δf [�]
⎤
⎥⎦

(17)
where δf [·] is the delta function. The term ( 1

ρm
1
ρ )n−� in (17)

results from n − � retransmissions by the source, which means
the diversity order will increase by m + 1 with every round of
the n − � ARQs with |Q| = 0. In comparison with the cases of
|Q| = q ≥ 1 in (17), the diversity order offered by each round
of ARQs through relaying only increases by m at most. As a
result, at high SNR, for n ≥ 1, the PSOAF-A

out,n will be dominated
by the case of |Q| = 0, i.e., when � = n in (17), leading to

PSOAF-A
out,n

d=
1
ρ
×

m∑
q=1

1
ρm+q(n−1) . (18)

By (18), the diversity order of PSOAF-A
out,n for n = 1 is equal to

m + 1 regardless of q. For n ≥ 2, PSOAF-A
out,n is dominated by the

case of q = 1, i.e. |Q| = 1. As a result, the diversity order of
PSOAF-A

out,n only increases with n and is equal to m + n for n ≥ 1.
The results can be verified with the outage probabilities pre-

sented in Fig. 4. Although only R-D link qualities, ρ|hj,rd |2,
are used for relay selection in SOAF-A, the SOAF relaying
scheme is able to exploit the temporal diversity through ARQs
if Δ > δ. Nevertheless, the diversity order only increases by 1
in each round after the first ARQ round.

On the other hand, if Δ < δ, the diversity order is limited to
two due to the poor S-R link qualities and the selection rule of
SOAF. We leave the proof in Appendix E. In comparison, the
diversity order of ARQ-OAF is equal to m + 1 by Proposition 2,
but both ρ|hj,sr |2 and ρ|hj,rd |2 are required for the destination
to choose the relay according to (9).

C. ARQ with the Type B of SOAF Relaying (SOAF-B)

Based on the previous diversity analysis for SOAF-A ARQ,
the key to further improve the diversity via ARQs is to increase
the cardinality ofQ, i.e., |Q|, through ARQs as well. This cannot
be made possible without the unqualified relays being able to
continue overhearing the signals forwarded by relays in Q dur-
ing the process of ARQs. If proper conditions can be set on the
link qualities, ρ|hi,j |2, between the transmitting and receiving
relays to qualify and bring new relays into Q, then the diversity
may no longer be limited by the case of |Q| = 1. This type of
the SOAF scheme is referred to as the SOAF-B ARQ protocol.
The functioning of the protocol is illustrated in Fig. 5. For con-
venience, we define a random variable c � ρ|hi,j |2 ∼ Exp(ρβ3)
for the R-R link quality.

As shown in this figure, the active relay, R5, of Q received a
signal from R3 in the previous ARQ and is currently forwarding
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Fig. 5. An illustration for ARQs with SOAF-B relaying (m = 6). The sub-
script of ci is used to indicate the number of hops before reaching the destina-
tion, and Δi is the threshold for the link quality of the i-th hop. In addition, b[5]

represents the highest ρ|hj,r d |2 of relays in Q with |Q| = 5.

the signal to the destination. The relay R6 in the complement
set of Q, denoted by Qc , overhears the signal from R5. If
c4 = ρ|h5,6|2 exceeds a threshold, say Δ4 with 4 indicating the
number of hops before reaching the destination, then R6 will
be taken out of the set Qc and put into the qualified set Q. In
the next round of ARQ, if any, the destination then chooses the
relay with the highest ρ|hj,rd |2 from the new set Q to forward
the signal, even if the signal from R6 has accumulated more
noise through the hops from the source to R2, then R3 and then
R5.

We define a threshold for each hop to control the channel
quality of the entire relaying path. Since the maximal number of
hops is limited to min[m,N ], we thus have an array of thresh-
olds, Δ � [Δ1, . . . ,Δi , . . . ,Δmin[m,N ] ] with Δi corresponding
to the threshold for the link quality of the i-th hop. In general,
for an active relay that forwards a signal which has already
gone through k hops, the instantaneous received SNR at the
destination is given by [27]

SNRinst,rd =
[(

1 +
1
a1

)
k

Π
i=2

(
1 +

1
ci

)(
1 +

1
b[q ]

)
− 1

]−1

(19)

where b[q ] = maxj∈Q ρ|hj,rd |2 given |Q| = q.
We recall from Proposition 1 that the potential diversity

of ARQ-SAF can be achieved if the thresholding mecha-
nism prevents low-quality signals from being relayed, i.e., let
Δ := λδ > δ. Thus, to exploit the diversity in SOAF-B ARQs,
we also need to define a requirement for relays in different hops
to qualify their received instantaneous SNR (SNRinst). By the
form of (19), we may define the requirement as follows:

Requirement 1: For a k-hop signal received by a relay in
Q, the received SNR of the relay satisfies SNRinst = [(1 +
1
a1

)Πk
i=2(1 + 1

ci
) − 1]−1 ≥ λδ, given λ > 1.

Under Requirement 1, the capacity outage probability corre-
sponding to (19) becomes

Pr {SNRinst,rd < δ} ≤ Pr
{(

1 +
1
λδ

)(
1 +

1
b[q ]

)
> 1 +

1
δ

}

=

⎛
⎝Pr

⎧⎨
⎩b <

1
1+1/δ

1+1/(λδ) − 1

⎫⎬
⎭

⎞
⎠

q

(20)

where 1+1/δ
1+1/(λδ) > 1 since λ > 1, and note that Pr{b[q ] < ε} =

Pr{b < ε}q holds true if ε > 0 and remains fixed with ρ. In
other words, this probability can attain the diversity order q.
Therefore, if there is a qualified set Q with |Q| = q > 0, and
every relay chosen from Q for ARQs satisfies Requirement 1,
then the diversity order offered by relaying can increase by q
for every extra ARQ round according to (20).

Following the above requirement and the result of (20), we
finally arrive at a theorem for the SOAF-B relaying method to
exploit the potential diversity of ARQs.

Theorem 1: Given R, if the thresholds of Δ are constant
with ρ but sufficiently large for Requirement 1 to be satisfied,
then the diversity order of the capacity outage probability after
n rounds of SOAF-B ARQs is given by (m × n + 1).

Proof: Starting with ARQ1, we first partition the outage
probability of SOAF ARQ1 into two parts with one of them
corresponding to the event of |Q| = 0, and the other for
|Q| = 0. The first part of this probability is given by Pr{a <
Δ1}m Pr{w < δ} whose diversity order can attain m + 1 since

Pr{w < δ} d= 1
ρ and Pr{a < Δ1}m = (1 − e

− Δ 1
ρ β 1 )m d= 1

ρm un-
der the condition that the threshold Δ1 is constant with ρ. In
comparison, the second part attains the diversity order of m

only, since given q = |Q| > 0, Pr{a < Δ1}m−q d= 1
ρm −q and the

retransmission by a relay chosen from Q for ARQ1 offers an
extra diversity order of q according to (20). As a result, the
performance of the SOAF-B scheme will be dominated at high
SNR by the case of q > 0. Thus, the diversity order of the outage
probability after ARQ1 will achieve a total of m + 1, with one
diversity offered by ARQ0.

Similarly, the diversity order after ARQ2 will increase by m
since the probability that |Q| becomes q′ after ARQ1 can achieve

the order of 1
ρm −q ′ due to Pr{c < Δ2}m−q ′ d= 1

ρm −q ′ , and the re-

laying in ARQ2 will contribute a diversity order of q′ according
to (20). Following the same argument for the subsequent ARQs,
we can conclude that the diversity order will increase by m for
every extra ARQ round. As a result, the outage probability after
n rounds of SOAF-B ARQs can attain the diversity order of
m × n + 1. �

We note that Requirement 1 also applies to the SOAF-A ARQ
scheme (ARQ-SOAF-A) where relays essentially overhear the
signals from the source only, namely, only the S-R hops apply in
Requirement 1. As such, we have a1 ≥ λδ > δ, and hence a1 >
Δ1 ≥ λδ > δ, which matches the threshold setting for SOAF-A
relaying in Section IV-B.

Remarks: The SOAF-A relaying method can be used in typ-
ical two-hop AF relaying networks, and only requires the R-D
channel state information for opportunistic relaying. Besides,
the notion of SOAF-B relaying can also be applied to multi-hop
wireless networks. In contrast to the typical sequential relaying
manner [10], [11], the SOAF-B protocol allows a source packet
to go through a dynamic relaying path before reaching the des-
tination, and is thus able to exploit more spatial diversities. For
instance, given k relays and k + 1 hops, namely m = k and
N = k, the SOAF-B protocol can provide a diversity order of
k2 + 1 which is greater than the diversity order of k + 1 of the
multi-hop scheme in [10].
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D. Lower Bound of the Outage Probability of SOAF-B ARQ

In contract to ARQ-SOAF-A, the exact outage probability
of the SOAF-B ARQ scheme, PSOAF-B

out,n , is much more difficult
to analyze since there are too many possible inherited relation-
ships from the source to the final forwarding relay. The outage
events of retransmissions will become correlated once the re-
layed signals had ever commenced from a parent relay. Instead
of directly tackling on the exact outage probability, we derive an
analytic lower bound for PSOAF-B

out,n , denoted by P̃SOAF-B
out,n , whose

derivation is provided below. The tightness of this lower bound
will be verified later in Fig. 8.

We present two steps to estimate the lower bound P̃SOAF-B
out,n

by ignoring the effect of noise enhancement on the forwarded
signals from relays. To begin with, we use Q� with Q0 = {∅}
to stand for the qualified set at the beginning of ARQ�. Then,
we divide Q� into min[�,m] subsets, denoted by Q

�,k
for k =

1, . . . ,min[�,m], where Q
�,k

only contains relays that receive
k-hop signals in Q� . Finally, we use q

�,k
to denote the number

of relays newly brought into Q
�,k

at the end of ARQ� − 1, i.e.

q
�,k

� |Q
�,k

\Q
�−1,k

|. As an example in Fig. 6, the subset Q
4,3

has contained all the relays in Q
3,3

, and can be further enlarged
at the end of ARQ3 if the active relay for ARQ3 is chosen from
Q

3,2
and there are overhearing relays (in Qc ) to be added into

Q4 since their corresponding channel qualities from the active
relay exceed Δ3. The number of the relays newly added into
Q

4,3
is, therefore, q

4,3
.

The two steps to find P̃SOAF-B
out,n are stated below:

Step 1: Set the variables q
�,k

= 0 for � ∈ In
1 and

k ∈ Imin[�,m ]
1 , whereby we define |Q� | �∑min[�,m ]

k=1

∑�
i=k q

i,k
and |Q

�,k
| �

∑�
i=k q

i,k
.

Step 2: Follow the formula:

P̃SOAF-B
out,n � Pr{w < δ}

×
n∑

�=0

[
(Pr{a1 ≤ Δ1}m Pr{w < δ})n−� G̃2(Δ, �)

]

(21)

where G̃2(Δ, �) � 1 for � = 0, and for � ∈ In
1 ,

it follows

G̃2(Δ, �) �
m∑

q
1, 1

=1

F1,1(q1,1
) ×

m−|Q1|∑
q

2, 2
=0

F2,2(q2,2
)

×

⎛
⎝|Q

2,1
|

|Q2|

m−|Q2|∑
q

3, 2
=0

F3,2(q3,2
) +

|Q
2,2
|

|Q2|

m−|Q2|∑
q

3, 3
=0

F3,3(q3,3
)

⎞
⎠

× · · · ×

⎛
⎝

min[�,m]∑
k=2

|Q
�−1,k−1

|
|Q�−1|

m−|Q�−1|∑
q

� , k
=0

F�,k (q
�,k

)

⎞
⎠

︸ ︷︷ ︸
The expressions for possible |Q| at ARQ�

,

(22)

Fig. 6. An illustration for the evolution of Q in 5 ARQs in a system that uses
4 relays for the SOAF-B relaying scheme. In the figure, the arrow represents
Q

�,k
⊆ Q

�+ 1,k
, and the line between Q

�,k
and Q

�+ 1,k+ 1
shows that for a

relay chosen from Q
�,k

for ARQ�, the overhearing relays in Qc will check link

quality from this active relay against the threshold Δk+ 1 to see if they can join
Q

�+ 1,k+ 1
or not.

with F1,1(q) and Fi,k (q) for i, k ≥ 2, given
by F1,1(q) = Cm

q Pr{a ≤ Δ1}m−q Pr{a >
Δ1}q Pr{b < δ}q , and

Fi,k (q) = Cm−|Qi−1|
q Pr{c ≤ Δk}m−(|Qi−1|+q)

× Pr{c > Δk}q Pr{b < δ}(|Qi−1|+q) .
(23)

Here, we note that the variables q
�,k

, initiated in Step 1,
will be updated with the corresponding summation index in
(22). Basically, the formula of G̃2(Δ, �) follows the evolu-
tion of Q in � ARQ rounds, as illustrated with Fig. 6. And in

(22), the term
|Q

�−1, k −1
|

|Q�−1| stands for the probability of a partial
event that the relay for ARQ� − 1 is chosen from Q

�−1,k−1
.

Conditioned on this event, F�,k (q
�,k

) further characterizes
the effect of q

�,k
relays newly brought into Q on the perfor-

mance of ARQ�. If all the thresholds in Δ are set constant

with ρ, it then follows that F1,1(q)
d=Fi,k (q)

d= 1
ρm , leading

to G̃2(Δ, �)
d= 1

ρm ×� . We can thus obtain P̃SOAF-B
out,n

d= 1
ρm n + 1 .

V. THRESHOLD ASSIGNMENT METHODS

As a short summary in Table I, for ARQ-SAF and ARQ-
SOAF-A, their Δ’s can simply be set as λδ with λ > 1 in order
to exploit their potential diversities. In addition to diversity prop-
erty, to obtain a better SNR gain, the λ’s in fact cannot be set
too high or too low. If the parameters λ’s are set too low, e.g.,
close to 1, there will be more noise or deeper channel fading
coupled in the relayed signals, while the λ’s too high will also
result in performance losses due to a higher probability of using
poor direct S-D links.

According to our experiences from simulations, we suggest
to set λ = 1.5 for ARQ-SAF and ARQ-SOAF-A. As for the
SOAF-B ARQ scheme (ARQ-SOAF-B), we can first let Δ :=
δ[λ1, . . . , λmin[m,N ] ] with λi ∈ R+ ,∀i. Followed, to attain the
diversity order stated in Theorem 1, by Requirement 1, given
λ > 1, we need to find proper settings for λi such that
(

1 +
1

λ1δ

)
× · · · ×

(
1 +

1
λmin[m,N ]δ

)
≤ 1 +

1
λδ

. (24)
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TABLE I
A SUMMARY ON THE DIVERSITY ORDERS OF DIFFERENT ARQ SCHEMES AFTER ARQn

ARQ scheme SAF SOAF-A SOAF-B AF OAF

Threshold(s) rule Δ < δ Δ > δ Δ < δ Δ > δ (25) or (26) - -
Diversity order 2 n + 1 2 m + n m × n + 1 2 m + 1

Fig. 7. The solutions, veq and vpow , of (25) and (26) with different δ and min[m, N ], given λ = 1.01. (a) λ1 versus δ, (b) Δ1 versus δ.

This is because given a1 > Δ1 = λ1δ and ci > Δi = λiδ, ∀i ∈
Ik

2 , the condition (24) will imply (1 + 1
a1

)Πk
i=2(1 + 1

ci
) < (1 +

1
λ1δ

)Πk
i=2(1 + 1

λi δ
) ≤ 1 + 1

λδ , ∀k ∈ Imin[m,N ]
1 .

Based on (24), we study in this paper two intuitive ways to set
the thresholds, referred to as the equal threshold method and the
power-law threshold method. For the first one, the thresholds for
each hop are assumed equal, namely λ1 = · · · = λmin[m,N ] �
veq . Applying the equality to (24), we have the closed-form
expression of veq , given by

veq =
1

−1 + (1 + 1
λδ )

1
m in [m , N ]

× 1
δ
. (25)

From (25), we can see that λi = veq varies with δ and
min[m,N ], namely the dimension of Δ, and decreases as
δ = 2R − 1 increases. This makes the setting of λi different
from the constant setting of λ for ARQ-SAF and ARQ-SOAF-
A. For a lower source rate R, the ratio λi = Δi/δ should be set
higher for the ARQ-SOAF-B scheme.

Though simple and informative, the equal setting on Δi

makes the thresholds for the early hops of the forwarded signals
unnecessarily too high, given that the thresholds are supposed
to be higher as the number of hops increases in order to combat
the noises carried along the hops. To overcome this problem,
we may set λi = vi

pow with vpow > 1 to make λi gradually
increase with i. This method is referred to as the power-law
method. Substituting this setting into (24), we have
(

1 +
1

vpowδ

)(
1 +

1
v2

powδ

)
× · · · ×

(
1 +

1

v
min[m,N ]
pow δ

)

=
(

1 +
1
λδ

)
. (26)

By the Bisection method, the parameter vpow can be solved.
Fig. 7(a) shows the results of λ1, which equal veq and vpow in

the two threshold setting methods, respectively. The correspond-
ing thresholds of Δ1 = δλ1 are drawn in Fig. 7(b). As expected,
veq is higher than vpow , and both increase with min[m,N ]. In
addition, the values of veq and vpow converge rapidly w.r.t. δ
when δ is above a certain value, e.g., δ > 1.

The outage probability of ARQ-SOAF-B with different
threshold assignment methods are presented in Fig. 8 for the
case of m = 3 and N = 3. The thresholds by the methods of
(25) and (26) are obtained with λ = 1.01 to satisfy Requirement
1. As shown in the figures,PSOAF-B

out,n with the methods of (25) and
(26) attain the full diversity, while PSOAF-B

out,n with Δ := δ[2, 4, 8]
may lose its diversity if δ ≤ 1.97 or R ≤ 1.57, according to
(24). The PSOAF-B

out,n for another setting of Δ = δ[1.6, 1.62, 1.63]
is shown in Fig. 8(b). In contract toPSOAF-B

out,n for Δ = δ[2, 22, 23],
the outage probability in this case loses its diversity since
1.6 < vpow = 1.89 which is obtained with (26) for R = 3. Also
shown in the figures are the analytic lower bounds P̃SOAF-B

out,n ob-
tained with the threshold setting of vpow for (21) to (23). The
results show that P̃SOAF-B

out,n is a tight bound and attains the full
diversity.

For performance assessment, in Fig. 9, we also present
the results of the DF counterparts of the proposed SOAF
ARQ schemes, denoted by SODF-A and SODF-B, respec-
tively, to serve as the performance benchmarks. The differ-
ence between SODF and SOAF is that DF schemes do de-
coding at relays, and only relays that succeed in decoding
are brought into Q. As can be seen in this figure, the out-
age probabilities of the ARQ-SOAF-A can be shown very
close to those of the ARQ-SODF-A, even though there is no
decoding at relays. In addition, the SOAF-B ARQ scheme
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Fig. 8. Outage probabilities of the ARQ-SOAF-B scheme with different threshold assignments. (a) The case of R = 1/2 (δ = 0.41), (b) The case of
R = 3 (δ = 7).

Fig. 9. Performance comparisons between the proposed ARQ schemes and
their DF counterparts in the case of R = 3, where we set vpow = 1.86 for
SOAF-B and λ = 1.5 for SOAF-A.

also provides a performance only 2 dB inferior to that of the
SODF-B.

VI. SIMULATIONS STUDIES IN THROUGHPUT

The outage probability analyses in the previous sections have
presented the potential of the proposed SOAF relaying methods
to enhance the reliability of ARQs. The reliability in fact can
be traded off for throughput in wireless transmissions. In this
section, we study by simulations the throughput performance
of the proposed ARQ protocols. The results demonstrate their
effectiveness in throughput improvement, in particular for users
close to cell boundaries.

A. Simulation Settings

We consider a cell that has 3 sectors, and focus on one of the
sectors in our simulations. The sector is assumed to use an ARQ

Fig. 10. A cell sector assisted with relays distributed in a limited region.

scheme that employs a total of m relays to perform delay-aware
data retransmissions, with the maximum number of ARQ, N ,
equal to 3. To fairly serve the users distributed in the sector,
and meanwhile to avoid the interference to relays in adjacent
sectors, the m relays are considered deployed within a limited
circular area around the sector center, as depicted in Fig. 10. We
also consider that users at sector edge will be protected with the
typical interference avoidance method [29] to avoid the inter-
cell (sector) interference. We thus evaluate the performances of
using different ARQ schemes in a sector without particularly
considering the co-channel interference.

On the other hand, for convenience, the cell coverage radius
is normalized to one. Given the distance between any two nodes,
the corresponding channel variance is defined as the inverse of
the distance raised to the power of the path loss exponent which,
in the simulations, is set equal to 3. The channel variance for
any transmit-and-receive pair in Fig. 10 can thus be obtained
according to their geometric relations. As for threshold assign-
ments, we define Δ = 1.5δ for ARQ-SAF and ARQ-SOAF-A,
and adopt the power-law threshold setting method in Section V
for ARQ-SOAF-B, given that λ = 1.01.

Based on the above settings, we simulate the throughput of
different AF-relay-assisted ARQ schemes. In the simulations,
a packet will be dropped only if it fails to be delivered to the
destination after ARQN . Given a target Pt , our rate adaptation
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Fig. 11. Throughputs TPt of different ARQ schemes for a user located at θ = 0◦ and s1 = 0. (a) Throughput TPt versus Pt , (b) Throughput TPt versus SNR ρ.

Fig. 12. The throughput TPt versus different θ and s1. (a) TPt versus θ (s1 = 0), (b) TPt versus s1.

strategy is subject to a reliability constraint of Pout,N ≤ Pt .
Due to the fact that different relays deployments in the circular
area may lead to different throughputs, to properly evaluate the
system performance, we thus assume that the employed relays
are randomly located in this area, and define our throughput
metric as follows to take the randomness into account:

TPt
� E

Relays’ locations

[
max

R≥0, Pout, N ≤Pt

R(1 − Pout,N )

NPout,N −1 +
∑N −1

�=1 �(Pout,�−1− Pout,�)

]

(27)

where the objective term is the long-term average throughput
derived by the renewal-reward theorem (see [21] for details).

B. The Throughput Performances

In Fig. 11(a), we present the tradeoff between TPt
and the

reliability constraint Pt . When a high reliable transmission is

required, the two SOAF ARQ schemes show more advantages
in throughput than the OAF and the non-relaying schemes. In
particular, having fully exploited the temporal and spatial di-
versities, the SOAF-B ARQ scheme trades off less through-
put to attain the target reliability Pt in comparison with the
others.

In Fig. 11(b), we compare the throughputs of the different
ARQ schemes versus the SNR ρ when Pt = 10−3 and the user
is fixed at θ = 0◦ and s1 = 0. We find that the ARQ schemes
with OR outperform the non-relaying one, even thought ARQ-
OAF in fact suffers from severe diversity losses. Although the
throughput of SOAF-A is slightly worse than that of SOAF-B, its
performance is in fact pronounced considering its much simpler
mechanism for relaying. We also notice that the single-relay
SAF ARQ scheme can effectively compensate the path loss of
signal power in retransmissions and, thus, benefits greatly in
throughput enhancement. In comparison, the performance of
the ARQ-AF scheme degrades significantly due to the lack of a
signal pre-screening process at the relay.
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The next two studies are considered to examine the effects
of different user locations on throughput. In Fig. 12(a), we as-
sume that the user moves along the cell edge, i.e. we set s1 = 0
while vary θ from −60◦ to 60◦. Given ρ = 2 dB, at θ = 0◦, the
throughput of the ARQ-SOAF-B is around 3.2 times higher than
the non-relaying case, while TPt

of the ARQ-SOAF-A is 2.8
times higher. Even at the corners of the sector, namely θ = 60◦

or −60◦, the two SOAF schemes still perform well and have
their throughputs almost 2 times higher than the non-relaying
case.

On the other hand, we vary s1 from 0 to 0.6 to see the influence
on throughput when the user moves towards the base station,
given ρ = 2 dB at s1 = 0. Basically, for every ARQ scheme,
their throughputs will improve as s1 increases, since the average
S-D link quality is getting better. Fig. 12(b) shows that the two
SOAF ARQ schemes outperform the non-relaying case when
s1 < 0.5. In contrast, the performance of ARQ-OAF degrades
significantly as s1 increases. The OAF scheme cannot effectively
utilize the improved R-D channel gains when the user continues
to move inside since its performance will be limited by the
worst S-R channel qualities due to the lack of pre-screening
mechanism at the relay.

VII. CONCLUSION

In this work, we did theoretical studies on link quality con-
trol for cooperative ARQ with opportunistic AF relaying. Our
outage analysis showed that the temporal diversities of ARQs
with AF relaying can be fully exploited if the channel qualities
to relays exceed a proper threshold that depends on the source
data rate only. By incorporating the OR mechanism into this
SAF ARQ framework, two types of link quality control and
ARQ schemes, the SOAF-A and SOAF-B, were developed, at-
tempting to explore both the temporal and spatial diversities.
To recover the severe diversity losses in the typical OAF ARQ
scheme, the SOAF-A proposes to form a qualified set of re-
lays before OR. Further, to exploit the full spatial diversity, the
SOAF-B proposes to continuously enlarge the qualified set by
allowing overhearing among relays during the process of ARQs.
Analysis showed that the two proposed schemes can offer much
higher diversities than the OAF ARQ if the thresholds for each
hop are set properly. Feasible threshold assignment methods
were then studied for the SOAF ARQ schemes to achieve their
potential diversities. By simulations, the effectiveness of the
proposed ARQ schemes was also presented in the throughput
enhancement of cell-edge users.

Although this work provided a new look and method for
quality control along each hop of multi-AF relaying systems,
the ARQ analysis model has its limitations that should be ad-
dressed in future works. For instance, we consider only one
source and one destination in this work. Multiple access sce-
narios may give rise to a user scheduling issue on relays for
multiple retransmissions on different resource blocks. The out-
dated CSI problem is also an important and practical topic that
should be further taken into account. A simpler ARQ design,
like SOAF-A, may show more advantages from this perspective
if having a shorter feedback delay.

APPENDIX A
PROOF OF LEMMA 1

From (6), if Δ ≥ δ, we have

F (Δ, �) = E
a>Δ

[(
Pr
{

b <
aδ + δ

a − δ

∣∣∣∣a
})�

]

=
∫ ∞

Δ

(
1 − e

− a δ + δ
ρ β 2(a −δ )

)�

e
− a

ρ β 1 da

= e
− Δ

ρ β 1 +
�∑

i=1

C�
i (−1)ie

− δ
ρ β 1 e

− i δ
ρ β 2

× Γ
(

1,
Δ − δ

ρβ1
;
i(δ2 + δ)
ρ2β1β2

)
. (28)

On the other hand, for the case of Δ < δ, we have

F (Δ, �) = Pr {δ ≥ a > Δ} + F (δ, �)

(a)
= e

− Δ
ρ β 1 +

�∑
i=1

C�
i (−1)ie

− δ
ρ β 1 e

− i δ
ρ β 2

× Γ
(

1, 0;
i(δ2 + δ)
ρ2β1β2

)
. (29)

The equality (a) is due to Pr {δ ≥ a > Δ} = e
− Δ

ρ β 1 − e
− δ

ρ β 1

and (28) with Δ := δ.

APPENDIX B
PROOF OF LEMMA 2

Suppose Δ := λδ, λ > 1. We use the value of (β1 ln ρ) to par-
tition the integral region of the random variable “a” in F (Δ, �).
When ρ increases such that (β1 ln ρ) > λδ, we have

F (Δ, �) = E
β1 ln ρ>a>λδ

⎡
⎣
(

1 − e
− 1

ρ β 2

1+ 1
a

1
δ
− 1

a

)�
⎤
⎦

+ E
a≥β1 ln ρ

⎡
⎣
(

1 − e
− 1

ρ β 2

1+ 1
a

1
δ
− 1

a

)�
⎤
⎦ . (30)

The exponent (1 + 1
a )/( 1

δ − 1
a ) is a decreasing function with

a > δ, and it will approach δ as a → ∞. The first expectation
term, named T1, in (30) can thus be bounded by

(
1 − e

− δ
ρ β 2

)�
∫ (β1 ln ρ)

λδ

1
ρβ1

e
− a

ρ β 1 da ≤ T1

≤
(

1 − e
− δ

ρ β 2

1+ 1
λδ

1− 1
λ

)� ∫ (β1 ln ρ)

λδ

1
ρβ1

e
− a

ρ β 1 da (31)

where the two integrations are the same and equal to e
− λδ

ρ β 1 ×
(1 − e−

1
ρ (ln ρ−λδ/β1)) with the same order of ρ−1 by definition.

In other words, T1 is of the order of ρ−(�+1) .
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As for the second expectation, denoted by T2, in (30), we can
similarly obtain

(
1 − e

− δ
ρ β 2

)�

e−
ln ρ
ρ ≤ T2 ≤

⎛
⎝1 − e

− 1
ρ β 2

1+ 1
β 1 l n ρ

1
δ
− 1

β 1 l n ρ

⎞
⎠

�

e−
ln ρ
ρ

(32)
which yields T2

.= ( δ
ρβ2

)� . As a result, we have F (Δ, �) .= T2

owing to its smaller diversity order than that of T1. In addition,
it can be easily verified from (8) that F̃ (Δ, �) .= ( δ

ρβ2
)� . We thus

arrive at the fact that F (Δ, �) .= F̃ (Δ, �) .= ( δ
ρβ2

)� .
As for the case of Δ := λδ, λ < 1, we first define a special

threshold Δ′ := λ′δ > δ where λ′ � (1 + 1
ln ρ ) is a function of

ρ such that Δ′ can be arbitrarily close to δ as ρ → ∞. Using the
fact that ab

a+b+1 ≤ min[a, b] ≤ a, and (6), we have

Pr{Δ < a < δ} ≤ F (Δ, �)

≤ Pr{Δ < a ≤ Δ′} + F (Δ′, �). (33)

As a matter of fact, F (Δ′, �)
d= ρ−� , and the diversity analysis

can be done by replacing λ in (30) and (31) with λ′ = (1 +
1/ ln ρ). Specifically, we express F (Δ′, �) in the form of (30),
of which an upper bound for the first expectation term can be
obtained based on (31) as

⎛
⎝1 − e

− δ
ρ β 2

1+ 1
λ′δ

1− 1
λ′

⎞
⎠

� ∫ (β1 ln ρ)

λ′δ

1
ρβ1

e
− a

ρ β 1 da

=
(

1 − e
− δ

ρ β 2
((1+ 1

δ ) ln ρ+1)
)�

× e
−(1+ 1

ln ρ ) δ
ρ β 1

(
1 − e

− 1
ρ (ln ρ−(1+ 1

l n ρ ) δ
β 1

)
)

(34)

whose diversity order can be shown equal to � + 1. As for the
second expectation term of F (Δ′, �), the same result as (32) is

obtained, thus leading to F (Δ′, �)
d= ρ−� . Further, due to the fact

that Pr{Δ < a < δ} .= Pr{Δ < a < Δ′} .= δ−Δ
ρβ1

, by (33), we

can find that if λ < 1, F (Δ, �) is of the diversity order of ρ−1

and for � ≥ 2, F (Δ, �) .= Pr{Δ < a < δ} .= δ−Δ
ρβ1

.

APPENDIX C
PROOFS OF PROPOSITION 3

To characterize G1(Δ, �) in (13), we first assume without
loss of generality that the relays r1, . . . , rq after ARQ0 form the
set Q with |Q| = q. Since there are q different possible active
relays in each ARQ, the total number of possible permutations
of the active relays in � rounds of ARQs is q� . Let pi denote the
event of choosing the i-th possible permutation of relays from

Q, for i ∈ Iq �

1 . The outage probability of � consecutive ARQ

events can thus be expressed as
∑q �

i=1 Pr{pi}Pr{Oi} where Oi

denotes the outage events of the � ARQs conditioned on the i-th
permutation of relays. Under the assumption of hj,rd having the

same variance, ∀j, we have Pr{pi} = (1/q)� ,∀i ∈ Iq �

1 .
Furthermore, we use Xn

rq
to represent the event of n ARQ

rounds through the relay rq . Given that Pr{Oi} = Pr{Oj} if
permutation i and j have the same combination of active relays,

we apply the Binomial theorem to find all the distinct combina-
tions as follows

(Xr1 + · · · + Xrq
)�

=
�∑

ζq −1=0

C�
ζq −1

X
�−ζq −1
rq × (Xr1 + · · · + Xrq −1)

ζq −1 (35)

=
�∑

ζq −1=0

C�
ζq −1

X
�−ζq −1
rq

ζq −1∑
ζq −2=0

Cζq −1

ζq −2
X

ζq −1−ζq −2
rq −1

× · · · ×
ζ2∑

ζ1=0

Cζ2
ζ1

Xζ2−ζ1
r2

× Xζ1
r1

(36)

where the product X
�−ζq −1
rq X

ζq −1−ζq −2
rq −1 × · · · × Xζ1

r1
in (36)

shows one type of a combination, and its coefficient is the total
number of the permutations that belongs to this combination.
The outage probability of X

�−ζq −1
rq in (35) is given by

Pr

{
a > Δ,

�−ζq −1

∩
i=1

(
ab

[q ]
i

a + b
[q ]
i + 1

< δ

)}

(a)
≡ Pr

{
a > Δ,

�−ζq −1

∩
i=1

(
max
j∈Iq

1

abi,j

a + bi,j + 1
< δ

)}

= F (Δ, q × (� − ζq−1)) (37)

where b
[q ]
i stands for the highest ρ|hj,rd |2 in Q in ARQi with

|Q| = q, and bi,j denotes the channel gain ρ|hj,rd |2 in ARQi.
The equality (a) holds since given a > 0, ab

a+b+1 is monotoni-
cally increasing w.r.t. b > 0. For ARQ rounds through different
relays in (36), their outage events are independent, and the out-
age probabilities of other events X

ζq −1−ζq −2
rq −1 , . . . , Xζ2−ζ1

r2
and

Xζ1
r1

follow the same form of (37).
Define F (i)(Δ, ζ, q) to be the sum outage probability of ζ

retransmissions over all possible permutations of ζ forward-
ing relays chosen independently each time from the set of
r1, . . . , ri in Q with |Q| = q, namely, the outage probability
of the partial event (Xr1 + · · · + Xri

)ζ in (35). In other words,

F (q)(Δ, �, q) =
∑q �

i=1 Pr{Oi}. Using (35)∼(37), for q ≥ 2, we
can express F (q)(Δ, �, q) by a recursive form of

F (i)(Δ, ζi , q) =
ζi∑

ζi−1=0

Cζi

ζi−1
(e−

Δ
ρ β 1 )μ(ζi ,ζi−1)

× F (Δ, q × (ζi − ζi−1))F (i−1)(Δ, ζi−1, q) (38)

with F (2)(Δ, ζ2, q) �
∑ζ2

ζ1=0 C
ζ2
ζ1

(e−
Δ

ρ β 1 )μ(ζ2,ζ1)F (Δ, q × (ζ2

− ζ1)) × F (Δ, q × ζ1), where we have ζq � �, and the term

e
− Δ

ρ β 1 , i.e. Pr{a > Δ}, is applied for a case of a relay in Q be-
ing not selected during the entire ARQs, and we thus define the
function μ(ζi, ζi−1) � δf [ζi − ζi−1] + δf [ζi−1] − δf [ζi + ζi−1]
such that if ζi−1 = ζi or ζi−1 = 0, then μ(ζi, ζi−1) = 1; other-
wise, μ(ζi, ζi−1) = 0. As for q = 1, F (1)(Δ, �, 1) is defined as
F (Δ, �).
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Based on the result of Pr{pi} = (1/q)� and (38), G1(Δ, �)
can finally be expressed as

G1(Δ, �) =
m∑

q=1

Cm
m−q (Pr{a ≤ Δ})m−q (

1
q
)�F (q)(Δ, �, q).

(39)

APPENDIX D
PROOF OF COROLLARY 1

Comparing (13) to (16), in this proof, we only need to show
that F (q)(Δ, �, q) for � > 0 and q > 0 can be summarized as
F̃ (q)(Δ, �, q) � q� Pr{a > Δ}q Pr{b < δ}q×� after the form of
F (Δ, n) in (15) are replaced by that of F̃ (Δ, n) in (8).

Using the delta function δf [·], we first rewrite F̃ (Δ, n) as

F̃ (Δ, n) � Pr{a > Δ}1−δf [n ] Pr{b < δ}n , for n ≥ 0. (40)

Then, substituting (40) back into (15) or (38), we can obtain
F̃ (q)(Δ, ζq , q) which is given by

F̃ (q)(Δ, ζq , q) =

ζq∑
ζq −1=0

Cζq

ζq −1
Pr{a > Δ}μ(ζq ,ζq −1)+1−δf [q×(ζq −ζq −1)]

× Pr{b < δ}q×(ζq −ζq −1) × F̃ (q−1)(Δ, ζq−1, q). (41)

By expanding the recursive form of (41) with ζq = � > 0 and
q > 2, we have

F̃ (q)(Δ, �, q) =
�∑

ζq −1=0

ζq −1∑
ζq −2=0

× · · · ×
ζ2∑

ζ1=0

C�
ζq −1

Cζq −1

ζq −2

× · · · × Cζ2
ζ1

Pr{a > Δ}tq Pr{b < δ}q×� (42)

where tq � μ(�, ζq−1) + 1 − δf [q×(�− ζq−1)] +
∑

j=q−1,...,2
{μ(ζj , ζj−1) + 1 − δf [q × (ζj − ζj−1)]} + 1 − δf [q × ζ1], and
� ≥ ζq−1 ≥ · · · ≥ ζ1 ≥ 0.

By the definition of μ(ζi, ζi−1), the exponent tq can be further
simplified as

tq
(a)
= δf [ζq−1] + 1 − δf [ζq + ζq−1]

+
∑

j=q−1,...,2

{δf [ζj−1] + 1 − δf [ζj + ζj−1]} + 1 − δf [ζ1]

(b)
= −δf [ζq + ζq−1]

+
∑

j=q ,...,3

{δf [ζj−1] + 1 − δf [ζj−1 + ζj−2]} + 1 + 1

(c)
= 0 + (q − 2) + 2 (43)

where the equality (a) is based on the definition of μ(ζi, ζi−1)
and the fact that δf [q(ζj − ζj−1)] = δf [ζj − ζj−1] for q > 0,
and (b) is just to reduce the expression and rearrange its summa-
tion index, and finally, (c) results from δf [ζq + ζq−1] = 0 since
ζq = � > 0, and the fact that (δf [ζj−1] + 1 − δf [ζj−1 + ζj−2])
is equal to 1 due to ζj−1 ≥ ζj−2 ≥ 0.

As a result, for � > 0 and q > 2, we arrive at

F̃ (q)(Δ, �, q) = Pr{a > Δ}q Pr{b < δ}q�

×
�∑

ζq −1=0

ζq −1∑
ζq −2=0

× · · · ×
ζ2∑

ζ1=0

C�
ζq −1

Cζq −1

ζq −2
× · · · × Cζ2

ζ1

= Pr{a > Δ}q Pr{b < δ}q� × q�. (44)

As for the cases of F̃ (2)(Δ, �, 2) and F̃ (1)(Δ, �, 1), by similar
steps, we can derive the same result of (44) for q ∈ I2

1 from the
original equation (15). This ends the proof.

APPENDIX E
THE DIVERSITY ANALYSIS FOR PSOAF-A

OUT,n WITH Δ := λδ < δ

Given Δ := λδ < δ, according to Lemma 2, we can rewrite

F (Δ, �) d=(1/ρ)1−δf [�] for � ≥ 0. With this result, the recursive
formula of F (q)(Δ, ζq , q) with ζq = � > 0 in (15) or (38) can
be expanded from a diversity analysis viewpoint as follows:

F (q)(Δ, ζq , q)

d=
ζq∑

ζq −1=0

(
1
ρ

)1−δ f [q ×( ζ q −ζ q −1) ]

×F (q−1)(Δ, ζq−1, q)

d=
ζq∑

ζq −1=0

ζq −1∑
ζq −2=0

× · · · ×
ζ2∑

ζ1=0

(
1
ρ

)t ′q

, for q > 2, (45)

where t′q �
∑

j=q ,...,2 (1 − δf [q × (ζj − ζj−1)]) + 1 − δf [q ×
ζ1] and ζq , . . . , ζ1, are integers that satisfy ζq = � > 0 and ζq ≥
ζq−1 ≥ · · · ≥ ζ1 ≥ 0.

We next show the smallest value of t′q is equal to 1. Due to
q > 0, t′q can be reduced as

t′q = 1 − δf [ζq − ζq−1]

+
∑

j=q−1,...,2

(1 − δf [ζj − ζj−1]) + 1 − δf [ζ1]. (46)

Apparently, t′q is a non-negative integer, and the equality for
t′q = 0 occurs only if ζ1 = ζ2 = · · · = ζq = 0. The condition
of ζq = 0 doesn’t satisfy that ζq = � > 0. In other words, the
smallest value of t′q will be equal to 1, which occurs if ζ1 =
ζ2 = · · · = ζq−1 = 0.

As a result, F (q)(Δ, �, q) d= 1/ρ for q > 2. As for the cases
of F (1)(Δ, �, 1) and F (2)(Δ, �, 2), by similar steps, we have the

same result of F (q)(Δ, �, q) d= 1/ρ for q ∈ I2
1 . Thus, we know

by (39) that G1(Δ, �) d= 1/ρ for λ < 1, � > 0. Substituting the
result back into (13) yields

PSOAF-A
out,n

d=
1
ρ
×

n∑
�=0

(
1

ρm+1

)n−�

×
(

1
ρ

)1−δf [�]
d=

1
ρ
× 1

ρ

(47)
whose diversity order is equal to two. This ends the proof.
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